Selected problems from the textbook

J. Neustupa, S. Kraémar: Sbirka prikladt z Matematiky I
(Problems in Mathematics I)

I. LINEAR ALGEBRA

I.1. Vectors, vector spaces
Given the vectors u, v, w and real numbers «, (3, . Calculate vector a, which is equal to the linear
combination au + gv + yw.

2. u:(472a0)7 V:(573a2)7 W:<_1507_1)a a:27 6225 7:1

Find vector x, which satisfies the given equation.

8 7x+u=3u+6v—x, where u=(-1,0,3,1), v=(-1,0,3,5)

Calculate the scalar product of given vectors. (Hint: Use the formula u-v = ujvy + ...+ upv,.)

15. u=(3,3,1), v =(4,3,0)

Calculate the angle between given vectors. (Hint: Use the formula cosd =u-v/(|u||v]).)

22. u=(-1,3), v=(22)

For which value of parameter « are given vectors orthogonal ? (Hint: Two vectors are orthogonal if
their scalar product equals zero.)

25. u=(-2,a+3),v=(0,—-1+2a)

Given vectors from V(IEz), V(IE3) or V(IE4). a) Are the vectors linearly dependent or linearly
independent? b) What is the dimension of the linear hull of these vectors? ¢) Which vectors form
the basis of the linear hull?

Consider the fact that question b) can also be formulated in this way: What is the rank of a matrix,
whose rows (or columns) are the given vectors ?

42, u=(2,1), v=(-1,3) 43. u=(-1,1), v=(10,-10)

44. u=(1,4,2), v=(3,2,2) 45. u=(-1,5,1), v=(3,-15,-3)

50. x=(1,5), y=(0,0), z=(5,25) 51. x=(2,3,-2), y=(3,0,1), z=(0,9,—8)
53. x=(1,0,2,-2), y=(3,-2,5,2), z=(4,—6,5,20)

Given vectors from V (IE3), V(IE3) or V(IE4) with parameters. a) For which values of the parameters
are the vectors linearly dependent or linearly independent? b) What is the dimension of the linear
hull of these vectors? (Hint: Consider the matriz whose rows are the given vectors. Determine the
rank of the matrixz in dependence on the parameters.)

68. a=(1,0,0), b=(0,2,0), c=(,0,a+1), d=(a—1,,0)

69. u=(k,1,0), v=(0,k—1,3), w=(0,2,k)

70. u=(0,1,a), v=(2,a,a), w=(-1,0,1)

Express the vectors a, b as a linear combination of the vectors u, v (respectively u, v, w) (if it
is possible). Is the expression unique? (Hint: Vector a has the form a = au + fv. Write this
expression in coordinates. You obtain a system of equations for the unknowns « and (3.)

73. a=(3,2,5), b=(5,6,7), u=(1,3,2), v=(2,-1,3), w=(51,8)
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a) Do given vectors form a basis of vector space V? b) What is the dimension of the linear hull of
the given vectors ?

Consider that question b) can also be formulated as follows: What is the rank of a matrix, whose
rows (or columns) are the given vectors ?

79. V= V(E;), a=(0,7,3), b= (5,3,2)

Given a vector space V and its subset V’. Determine if V' is a subspace of vector space V.

85. V=V(E;3), V'={(a,b,¢); a,b,ce R, a+b=0}

92. V=V(Ey), V' ={(u,v,w,z); u,v,w,x € R, u—2v+w >0}

In next problems V is a set of functions defined on interval I. The sum f + g of arbitrary two
functions f and g from V is defined: (f + g)(z) = f(z) + g(z) for x € I. The multiple X f of an

arbitrary function f from V by an arbitrary real number A is defined: (A- f)(z) = A- f(z) for z € I.
Decide if set V (with the two defined operations) is a vector space.

93. I = (—o00,+00), V is a set of all functions of the form « -sinx + 3 -cosx + v where
a, B, v €R.

94. I = (—00,+00), V is the set of all functions of the form a+ 3-x +v-2% where a, 3, v € R.

1.2. Matrices, determinants

Calculate the matrix A - B.

9 _1. 3 3, 1, 2, 4 3
109. Az(o’ 5’ 2>,B: 0, 3, 1, 0 110. A=(2|,B=(1, 2, 1)
o 5 2, 0, 1 1
A ; L 2 3 L 0
111. A= o ’ , B= 112. A=1(3, 2, 1|,B=1(0, 1
4, 1, 2, 3 -2 U3 0 0
1, 2, 2 1 -1 % ’
Calculate
3 T
2, 1 2, 1, -1 2, 1, -1
ur (2 1) o (300 0) (5
Calculate the matrix A-B - B-A.
1, 2, 1 4, 1, 1 2, 1, 0 3, 1, 2
132. A=1(2, 1, 2|,B=|-4, 2, 0 133. A= 1, 1, 2|, B= 3, 2, 4
1, 2, 3 1, 2, 1 -1, 2, 1 -3, 5, 1

Find =z, y € IR that satisfy the given equation.

T

1, 3x—2\ (1, 12 r+y, —3 2, -1 3, 0\17
139. <3y+6, 2 ) (40, 2> 140. < 9, x—y) {<—1, 1 ) <o, 2>}
Determine the rank of a given matrix. If it is a square matrix, decide if it is a regular matrix or a
singular matrix.

1, 2, 3 1, -2, 3 ; _1;1 i’ f
143. |2, -1, 1 148. | -3, —6, —9 149. ’ ’ ’

1, 7, 7 4 8 12 -1, —19, 5 0

oD ’ ’ 3, 15, -1, 2

Calculate the inverse matrix (if it exists).



Ly 1, 0, 0 L 2 3
160. (2’ 2) 161. [3, 1, 0 166. .1, 3
’ 0, 3, 1 1, 4, 5
2, 2, 3 1, 2, -3 o
168. | 1, -1, 0 170. [0, 1, 2 171. (C.OS % Smx)
121 0. 0 1 sinz, cosx
Find matrix X that satisfies the equation
1, 1, -1 1, -1, 3
174. X-[2, 1, 0 |=1(4 3 2 175. X - <(2) _21> = <(1) (1)>
1, -1, 1 1, =2, 5 ’ ’
1, 2 3, 2 . . . 9
176. A= 0 2 B= L Find matrix X, that satisfies A-X = (A — B)=.

177. Solve the matrix equation A- X - B = C, where A = (3’ 1) , B= ( 0, 1) ,

5, 2 -2, 3
2, 2
c_(z _1>.

z, 1+22% 1
178. Given the matrix A = [y, 1+9% 1
z, 1+2%2 1

For which z, y, z € R is matrix A regular? Calculate A=! for x =0, y=1, 2 = 2.

Calculate the determinants

. 2, 5, 0 a, a, a (1)’ _Oi 71’
180, |08 % ST 185. (-1, 7, 1 190. | —a, a, x| 200 ’ » T
sin xr, CcoS X 4 1 —4 _ . a, b, 0,
) ) a’ a/) X _17 _17 17
I.4. Eigenvalues and eigenvectors of square matrices
Find eigenvalues and eigenvectors of the matrices.
5 6, —3
235. (2 1 236. (> 4 237. (% @ 238. | -1, 0, 1
1, 2 5, 2 —a, 0
1, 2, 1
0, 0, 1 3, 1, 0 2, 5 —6
241. |0, 1, 0 243. | -4, —1, 0 244. | 4, 6, -9
1, 0, 0 4, -8, -2 3, 6, —8

In next problems we assume that A is a square matrix of the type 3 x 3, whose entries are real numbers.
Decide if matrix A can have given eigenvalues and eigenvectors.

245. eigenvalues: 2, 1, 2+1i

3 1 3
246. eigenvalues: 2, 141, 1 —1i, eigenvectors: 0], 2 , 2
0 —141i —i

Calculate the inverse matrix to matrix A and find eigenvalues and eigenvectors of the inverse matrix
A~1. Compare the results with the eigenvalues and eigenvectors of matrix A.

5, 6, —3
250. A=(2 1) 251 a=(3 %) 252 a=( % O} 253 a=(-1, 0 1
1, 2 5 2 —5, 0 Lo



To given square matrix A calculate the matrix A% and find eigenvalues and eigenvectors of the matrix
A?. Compare the results with the eigenvalues and the eigenvectors of matrix A.

1, 0 3
) 256. A_(& 2) 257. A_<

1.5. Systems of linear algebraic equations

2,
5,
_17

-1, 2
-3, 3
0, -2

2, 1
1, 2

0, 2

255. A:( 5 0

) 258. A=

Applying Frobenius’ theorem decide about the solvability of the system of equations and about the
number of solutions.

273. x—2y = -3 275. — 2y+2z =-9 276. 3z 42y =12
20— y =10 3z+ by+4z = 10 dSr+4y+ 2 =27
dr — by = —6 5 + 12y + 6z = 29 r+2y+ 52z = 33

Applying Frobenius’ theorem decide about the solvability of the system of equations and about the
number of solutions in dependence on parameters.

278. ax+ y+ z=1 280. ar—3y =1 283. 2z— y+ 2+ u=1
z+ay+ z=1 ar —2y = 2 rT+2y— z+ 4du =2
r+ y+az =1 x4+ Ty —4z+ 11lu = A

Can the next systems be solved by means of Cramer’s rule? If ,,yes”, find the solution applying this
rule. (Hint: Cramer’s rule can be applied if the matriz of the system is regqular.)

287. 3x—2y+ z =11 288. 2z —3y+z2z=0 295. —Hr+ y—2z=1
r+ y—3z2 =7 r+2y—z2 =3 20+ y+22=0
11z —4y — 32z = 10 2z4+ y+z =12 —x+3y+2z=0

What is the dimension of the vector space of all solutions of the homogeneous system (in dependence
on parameter \)?

300. 3z+2y— z = 301. 4z +2y—2z =
20 — y+ 3z = 20+ y+3z =
A+3y—4z =0 AT+ y— Az =

Solve the homogeneous systems by means of Gaussian elimination.

308. 3$ -y —+ 32 = 309. I + 2%2 —+ 3£L’3 = 0 310. I —+ 3%2 —+ 2.%3 = 0
r+ 2y — 5z = 4r1 + 729+ dx3 =0 201 — xo0+4+3z3 =0
3x+ y—2z = T + 6x9 + 1023 = 0 3x1 — bxo+4x3 =0

1+ x9— 4x3 =0 1+ 1729 + 423 = 0

316. 3z1+ 4x9— bxrz+ Txy =0 317. 1+ 29 —3x4— x5 =0
201 — 3x9+ 33— 224 =0 T1 — X9+ 2x3— 24 =0
4x1 + 1lxo — 1323 4+ 1624 = 0 4x1 — 229 + 623 + 324 — 425 = 0
7$1 - 21’2 + xr3 + 31‘4 =0 21’1 + 41’2 — 21‘3 + 42134 - 7$5 =0

Solve the inhomogeneous systems by means of Gaussian elimination.

324. z+2y+3z =4 328. z+2y+3z2 =5 332. 2z1 —3x9+ a3 =1
2z+ y— 2z =3 2r— y— z =1 Treg —3x3 = —7
3x+3y+2z =10 r+3y+4z =6 1+ 209 — 3 = —3

21’1 + 4%2 - 2$3 = —6



337. 221 — a0+ z3— x4 =1 338. x1 —2x9+3x3— 44 = 4
21 — X9 —3x4 = 2 To— T3+ x4 = —3

-3 T, + 329 —3z4 = 1

—6 —Txo+3x3+ x4 = —3

3z — T3+ x4
201 4+ 229 — 223 + Sy

Solve the systems of linear algebraic equations with parameters.

348. ax+ y+z=4 349. axr— 2y+ z =1 350. ar+ y+ z =2a+1
r+ 2y+z2 =3 rT—2ay+ z = -2 rt+ay+ z =2
r+ dy+z =4 r— 2y+az =1 r+ y+az =1

Specify the numbers of solutions of the systems of linear algebraic equations in dependence on pa-
rameters a and k. Solve the system for given values of the parameters. (Hint: Apply Frobenius’
theorem.)

359. 2a—1l)z+(a+1)y+ z=1-a 360. z+2y+3z=25
T — y+ z=1 3r+ y+2z =
T+ y+3z =1 2cr— y— 2 =0

[a=1] [k =5]

369. Find all values of parameter A for which the system A-X = O has a non—zero solution and

A4, 7
calculate this solution. Matrix A has the form: A=1|3, —4, 5
1, A 4

(Hint: The system A-X = O has a non—zero solution if matriz A is singular and its determinant
is therefore equal to zero.)

370. Applying Cramer’s rule solve the system 2r+ 3y — 3z = —1

de — 4y — z
8z -9 =0

III. DIFFERENTIAL CALCULUS

ITI.1. Sequences of real numbers

Decide if given sequences are increasing, decreasing, non—increasing, non—decreasing, monotone,
strictly monotone, bounded below, bounded above, unbounded. (Assume that n =1,2,3,...)

575. {2+3") 577. {nil} 578. {7(1;2?}
579. {—H (2_1)n } 580. {—nrfl } 581 { Zj:g }

Calculate the limits.

3 2n2 —3n+5 n?—n+3
591. i (1 —) 594. lim - _°o"7To 596. lim — 1
n—1>I-ir-loo + n n—l>r-ir-loo 3?2 —-2n+1 n—1>r-&r-1<>o n3+2n+2
5n3 —3n2 +5n — 1 (3—n)?+(3+n)?
599. 1 609. i
e dn? +n—2 oo (3—n)2 —(3+n)?
on—1)2—4 1 1—n3+1
612. lim (21 —dnt 616. I YRELlZ Vet
n—+too  n?—(n+5) n—too /n+1—Vn®+1



619. lim (v/n?+1—+/n?-1) 620. lim (Vn+2-Vn+5)

621. lim n (Vn(n—2) —/n? = 3) 622. lim n (Vi +1—v/nZ 1)
623. lim (35+8n3—2n) 629. lim 1+424+34+...+n
n— 0o N0 9n4 1

IT1.2. Functions — basic notions and properties

Specify domains of given functions. (Hint: If the domain is not defined explicitly then it is automat-
ically the set of all x, for which the right hand side makes sense. )

1 1—2x
657. y= — 660. y=In(x+3)++v/5—2xr 661l. y=arcsin
V= S y=In(r+3)+V y
_ 2 _ TtV _

Given the functions f; a fo. Write the composite functions g = f1* fo a h = fo* f1.
674. fi(z) =22, folz)=sinz 675. fi(z)=In(zx+1), fo(r)=>522+2
678. fi(z) =22+ 5z, fol(x) =sin(2z +1) 679. fi(x)=cos(z+1), folz)=x+2
Which of these functions are odd or even?

x?—1

687. y=a3+x-cosx 694. y="——
T+

695. y = cos x + cos (2x)

Which of these functions are periodic? What is the period?
698. y = sin = + cos (27) 704. y = |+ 2| 707. y = |cos? (x/2)]

Using graphs of elementary functions, sketch the graphs of these functions:

709. y = sin (22) 718. y = arcsin (x — 5) 723. y=+vz+4
727, y=|x|+2 733. y=In |z 734. y=In |z — 5]

IT1.3. Limit and continuity of a function

Given function f and a positive number e. Evaluate the limit L = lim, 1 f(z) and find a real
number a such that f(x) € U.(L) for all = € (a,+00). (Hint: Use the definition of a limit.)

767. f(z) = e =0.01 768. f(zr)=5+4+e", £=0.1

+1’

Calculate the limits (if they exist).

3 _3r+1 2 _4r+1 512
791, lim —_of 1 792, lim & 2rt 1 796. lim ( T 4 21/96)
z—0 r—4 T—2 2¢ + 1 z—+4oo \1 — 22
3r—1 22 —2x+1
. . o .
797, lim o 807. lim x(Va?+l-z) 816, lim o5——7
t 1 — cos? t
837. lim 7 839. lim — > T 840. lim 98T
x—0 3x x—0 x2 x—0 €T
341 1 1
859. lim —> 1 _ 863. lim sin — 864. lim arctg —
z——1 sin (z + 1) z—+00 x -0 x?
865. lim arcsin 866. lim — 869. lim z-ée*

T—+00 T + 400 12 T——00



2 _ % 1 20—1 1
882. lim —— —°© 887. lim (I + ) 891, lim (€5 7)
z—0 sin (2z) — sin x z—+oo \x — 2 z—0 2
Calculate the limits.
2 5
902. lim 2T 904. lim z-Inz 909. lim — 7
z—1+ ¢ — 1 z—0+ z—0+ (x — 1)
The next three limits do not exist. Give reasons why.
1 1
921. lim — 924. lim sinz 926. lim T
z—0 I r—+00 z—2 r — 2
Find maximal intervals where given functions are continuous.
x 14z z? -1
929. y= —— 931. y= —— 932. y= ————
Y (14 )2 Yo 148 Y= 08 31+ 2
1 1
937. y=¢*t1/® 939. y=— 943. y =
In x et —1

ITII.4. Derivative of a function, its geometrical and physical sense

Calculate derivatives of given functions. Also specify for which x the derivative exists.

a) Polynomials, rational functions, powers and roots.

960. y = 52% + 7o —2 968. y=+v2z2—2x+5 972. y=(x+6)vVae—1
2 2 V2 +1
976, y— L3 979, y= -° 980, y— Y 1

z+5 Vh—x z+1

b) Trigonometric functions associated composite functions.

990. y = sin (3x) 991. y = cos z* 993. y = sin?(62)
999. y =sin (2% + 2z + 2) 1001. y =22 tgx 1003. y=+v1+z+sinzx

¢) Inverse trigonometric functions and associated composite functions.

1008. y = arcsin vo + 1 1009. y = arccos % 1016. y = arctg vz
V z

d) Exponential and logarithmic functions and associated composite functions.

1017. y=e2" 1018. y = ¢ ~2r+1 1020. y = Ve?
1021. y = (e’ + 1)? 1027. y = In (2% 4 3z +4) 1028. y=1In(z+ /1 + 22)
e) Various further functions.

1— 2
1047. y=1In (72 + 4922 + 1) 1049, y=c> - (22 +1)° 1051. y = arcsin ﬁz

x

Calculate the derivative of a given function f and sketch the graph of function f and its derivative
f'. (Hint: Consider the formulas |z| = = for x > 0, |x| = —z for < 0. Function |x| is not does
not have a derivative at the point x = 0.)
1055. f(x) = || 1056. f(x)=1n |z| 1057. f(x)=x - |z|

Calculate f' (x0) a f’ (o). (Hint: If the right limit lim, .4 f'(x) exists then the right derivative
f+ (o) also exists and equals the limit. The same assertion also holds on the left derivative.)

1058. f(z)=|z|, zo=0 1062. f(z) = |4z — 22|, xo =4
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Calculate second derivatives of given functions. For which x does the second derivative exist? (Hint:
1" is equal to the derivative of function f'.)

1
1066. y = \/1+ a2 1068. y = cotgx 1071, y =5 rr

— T

Write equations of the tangent line and the normal line to the graph of function f at the point
[zo, f(zo)]. (Hint: FEquation of the tangent line: y — yo = k- (x — xp), where yo = f(zo) a
k = f'(z0). Equation of the normal line: y —yo = —(1/k) (x — x9).)

e.’E

x+1’

1109. f(x)= 20=0 1110. f(x)=a-sinz, o=

1118. At which point does the parabola y = x2 4 42 have a tangent line parallel with the z—axis?
(Hint: Find point xo where the derivative of the function x* + 4z equals zero. Calculate yq
from the equation of the parabola. )

1119. At which point does the parabola y = 22 — 2z + 5 have a tangent line perpendicular to the
axis of the first quadrant? (Hint: The awxis of the first quadrant is the straight line y = x,
whose slope is ki = 1. Find point xo where the function x? —2x+5 has the derivative ky = —1.
Calculate yo from the equation of the parabola.)

1++vVz2 -1
1125. For which « € D(f) does the function f(z)=1n ++

[z, f(z)]? Is some of the tangent lines parallel with the z—axis? Write the equation of the
tangent line at the point [z, f(zo)] for zo = V/5.

have a tangent line at the point

IT1.5. Application of derivative, behaviour of a function

Find intervals, where given function is monotone. Specify if the function is increasing or decreasing.
(Hint: Use the sign of the first derivative.)

1144. f(z) =223 + 322 — 36z +4 1145. f(z) =z + 1146. f(z) =22 -e”

2 —

2x

1148. f(z) =3z — a3 1151. f(z) = Tra?

1156. f(z) =2 —In 2?

Determine the domain D(f) of function f, evaluate one-sided limits at the end points of intervals
that form D(f) and find intervals of monotonicity of function f. Specify where f is increasing and
where it is decreasing. Sketch the graph of function f.

el‘

1160. f(x) = 5 —

1161. f(z) = z/*

Decide about the existence of the global extremes (maximum and minimum) on interval I. If the
extremes exist, find their values and positions (i.e. find points where function f takes their values).

1164. f(z) =a* — 222 +5, [ =(-2,2) 1169. f(x) =+6—4dz, I =(-1,1)
16 4
1174. f(x) =2 + ——16, I= (1,4) 1175. f(z)=4—x— = 1= (1,4)
1177. f(z) =z +3Va22, I=(-1,1) 1179. f(z)=-2laz—La?+a2, I=(0,6)

Find local and global extremes of given functions (on their domains).

In z 1
1204. y=x—2Inzx 1209. y=— 1211. y=2+ —
T x
(4—x)3 1+ + 22
1212, y = ——— 1217, y= — 1218. y = 2v—
Y 9(2—1x) A = y=at v
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1241. Given the function f(z) = (1 + 22)e®. Specify its domain, calculate one-sided limits at the
end points of the domain of f and find the local extremes.

On which maximal intervals are given functions concave up and concave down? Find points of inflec-
tion. (Hint: Use the sign of the second derivative.)

1255. y=32° — 402 +2 -2 1256. y = 1f—2 1259. y=vI+a2
x
1
1260. y = In (1 +22) 1262. y=In = - 1264. y =z -arctgx
X

Find asymptotes of given functions (if they exist).

3
1
1267. y= - 1268. y =21 — — 1270. y = 2 + arctg -
4 — z2 T —2 2
1-2 1 1
1272, y= —° 1274. y=x+ - 1275. y=z+4 -2
2+ T T

Examine the behaviour of given functions.

1 . 2
1277. y = = 1278. y = Va2 —x 1279. y=ec°
— X
1281. y=1+22—1z* 1282. y = z* — 222 1292. y= (z+2)el/®
-2 2
1293. y = (z —3)Vz 1295. y= —— = 1308, y = >~
2 +1
1—a? 9
1317. y = arccos T2 1319. y=1In(4 —z°) 1321. y = x + arccotgx
X

II1.6. Taylor’s theorem

Write Taylor’s polynomial of degree n of function f at point xy. Write the formula for the remainder
after the n—th term.

1330. f(z)=¢€*, n=5 2p=0 1331. f(x)=¢€% n=5, zg=1

1333. f(z)=¢e*, n=4, 20=0 1337. f(x)=sinz, n=7, 20=0

1346. f(zx)=Iln(z+1), n=7, 20=0 1351. f(x)=+x, n=4, z9=1
1

1352. f(z)=+vVx+3, n=3, =0 1354. f(x)=—, n=4, zo=1
x

Calculate approximately with the accuracy e (i.e. with an error less than or equal to €) given function
values. (Hint: We have to evaluate approzimately the function value of f at point x which is ,,close”
to another point xg, where the function value f(xg) is known. Find n so large that the remainder
R, 11(x) is less than or equal to € on some interval containing x. Then calculate approximately f(x)
by means of Taylor’s polynomial T,,(x).)

1362. 1/e, c=10"3 1363. cos 5°, e =103 1365. In 1.2, =103

1376. Write Taylor’s polynomial T of the function f(z) = /1+x at the point g = 0. Using
Lagrange’s form of the remainder find an upper bound of |f(1) — T(3)|.



IV. INDEFINITE INTEGRAL

IV.1. Fundamental properties of indefinite integrals, table of basic integrals

Using the table of basic integrals, calculate:

1448. /3x7dx 1450. /(37:):2)3013; 1452. /\‘S/de
1454 / L q 1455 / LI 1458 /(1 2u) d
. gj2 x . 2\/5 T . u u
1459. /(ﬁ +1)(z — Vo +1)de 1460. /(Qx*L2 + 32708 — 52038) dg
2 3
1-— VaZ — 33 32 3
1461./ ) da 1464. /Mdm 1467./ S+ 2) de
x N 3 2?2z
3:2*—-2.3% 1 2
1468. / 107 do 1470. / S S 1473. / SN gy
2z 1+ cos2x
2
1474. / R e 1475. / 2sin? = d
cos?x - sin“x 2
IV.2. Integration by parts
Applying the integration by parts, calculate:
1481. /xe’” dz 1482. /sc Inxdx 1483. [ z sinxdx

arcsin® ¢t dt

1484. /xarctgxdx 1485. /x cosxdx; 1486. /z“'ex dx
1489. /x” Inxdx, n# -1 1494. /arctgxdx 1502./

1504. /ez sinz dz 1506. /eh cos bz dx 1510. [ (z* — 3z +2)e* dz

—

IV.3. Integration by substitution

Using an appropriate substitution, calculate the integrals:

1 21
1514./ da 1515. /de 1516.
1 2 4 g2

— T

2x -
1518. [ ———dz 1519./1+x 5 4 1532.
| == (1+2)

Vi
1533. /cos3 o sin 2z dz 1534. 27 4z 1542. [ cos(1 — 2z)dz
T
2x — 3
1546. [ -2 ° g 1555.
/x2—3x+8 . 2% +1

—x
arcsmx[ de
V(1 —x2)3
2+ 3
V1— 22

1615. 1620. 1625.

/6713 22 dx 1572./ x dz
4 4
1579./1$ dz 1580./ Yz 1594./
1628. / /

dx 1666. dx 1688.



IV.4. Integration of rational functions

Calculate the integrals:

8 xt 1
1720. dz 1722. ——dz 1724. dzx
3r—1 2 -2 (x —1)3
Using the decomposition to partial fractions, calculate the integrals:
u—1 S5x —4 x?
1731. d 1733. ——d 1734. —d
/u2+u Y /x2—8x+12 . /x2—5x—|—4 o
3 _
1739. / Y dr 1748 / z dr  1749. / _em8
22+ 3z +2 (x4+1)(xz+3)(z+5) 3 —4a? + 4z
3r—2 1 1
1751. / R 1754. / L, 1 1755. / dz
x(z?2 4+ 1) z(z?2 4+ 1) x?—z+1
—1 2 202 — 3¢ —
1761. / Jsr=l g, 1793. / v dr  1798. / SR B
2?2 —x+1 23+ 522 +8x+4 (x —1)(2% — 22 + 5)

IV.5. Integration of trigonometric functions and their powers

Calculate the integrals:

1814. /sin7:vd$c 1815. /sin3xd:1: 1822. /singx cos® x dz
1823. /sinx cos® x dz 1828. /sm zdzx 1832. /sm x cos® x dx
1
1833. /sin4 5z da 1858. / 1864. / TOST
5+4smm sin® z
sinx
1865. /,—da: 1871. /cos 2x cos 3z dx 1873. /cost sin4x dx
SN + Ccosx

IV.6. Integrals of the type /R <x, s aerb) dz
cx+d

Calculate the integrals.

1892./1f/5ﬁdx 1895./(\/_6\/_\/_) 1896./\/_v11z %dx

24 3x T
1898. [ 4/ dx 1899. | —————dx
/ r—3 / T +vr+2

V. DEFINITE (RIEMANN’S) INTEGRAL

V.1. Basic properties of definite integrals, Newton—Leibniz’ formula

Applying the table of basic indefinite integrals and the Newton—Leibniz formula, calculate the definite
integrals:

2 a 2
1
1985. / (2° +32°—5) dz  1986. / (a*z —2%) da 1989. / ($2+—4> da
1 0 1 x
/4 1 8 ™
1991. / —— dz 1992. / Vi dx 1993. / sinz dz
0 COS“T 1 0
e 1 1 9 9 4 9
1996. — do 2000. [ 2°(1—2%) du 2002. (1— V)" dx
1 0 1

11



V.2. Integration by parts and by substitution in the definite integral

Applying integration by parts and integration by substitution, calculate the definite integrals:

3 ™ e—1
2010. / 2:10 dx 2011. / z sinz dz 2012. / In (z+1) do
2 % +1 0 0
vz e’ 1 Loy
2015. dz 2017. ———— dx 2020. dt
/0 1+ 1 x-vV1+ Inz /5 \/b 4t
)2 1 " In2
2024. / sin® v/ cost dt  2030. / L 2031. / v e do
0 o 1+=2 0
2 1 1 1
2032. / — dz 2035. / — dx 2036. / z arctgzx dz
2?4 0 V4—z? ~1
e |2 2 /2
n‘x .3
2038. / dz 2039. / r Inx do 2040. / sin®z dx
1 T 1 0
1 2 el/z
2043. / arcsinx dx 2044. / 5 dz
0 1 X

V.3. Improper Riemann’s integral

Do these integrals converge? If ,,yes”, find their values.

e 49 3 x

2050. / dz 2051. / — dz 2054. —— dz
1 = lnz 0 VT , VaZ_4
+o00 +oo +oo

1 1 1

2056. / — du 2057. / e 2058. / -
9 T 1 242 1 x?
+oo 1 w/2

2060. / —— dzx 2063. / tga dx
oo X2 42T+ 2 0

V.4. Some geometrical applications of the definite integral

Calculate areas P of curvilinear trapezoids bounded by the z—axis and the curves with the equations:

2067. y=a\/1—22, =0, z=1 2068. y=a22—4, =0, t=6

Calculate areas of planar regions bounded by given curves:

2069. y=3-22—122% y=0 2070. y=2a% y==x

2074. Calculate the volume of the circular ellipsoid that arises by the revolution of the ellipse
42% +9y*> — 36 = 0 a) about the z—axis, b) about the y—axis.

2075. Calculate the volume of the circular body that arises by the revolution of the planar region,
bounded by the curves y? = 8z, y = 2>  a) about the x—axis, b) about the y-axis.

Calculate the length of the graph of a given function.

(Hint: Apply the formula | = f; VIf(x)]?2 +1dz.)
2077. y=3 Va2 pro z € (1,8)

12



V.5. Further problems

Sketch the region bounded by given curves and evaluate its area.

1. y=2% y=7 2. y=3—z, y=2/x
2 2

,y=e 4-y=m,y:$

5. Find coordinates of intersections of the graphs of given functions f and g, resp. f and h, resp. g
and h: f(z) = /8, g(x) = 8/x, h(x) = 8/x?. Sketch the picture and calculate the area of the region
between the graphs of these three functions.

Evaluate the volume of the circular body that arises by rotation of a given curve about the z—axis.
Sketch the region in the x, y—plane, bounded by the curve and the z—axis.

6. y=sinz, € (0,7/2) 7. y=3—uz, ©€(0,3)

1
GI, S <0,1> 9. Yy = @, S <0,’/T/4>

8.y

10. y=sinz +cosz, = € (0,7/2)

11. Calculate the volume of the body that arises by rotation of the planar region, bounded by the
curves y = v/, y = z/2 about the z—axis.

Calculate lengths of the graphs of given functions.

.’172

1
12. y:;—%for x € (2, 4) 13. y= Va3 for z € (0,4)

Calculate the mean value of function f on given interval. (Hint: Apply the formula

1 b
n(f) = m/a f(z) dz.)

14. f(z) =sin’z, z € (0,7) 15. f(z) =z sinz, z € (0,)

13



RESULTS

I.1. Vectors, vector spaces

2. a=(17,10,3) 8. x=(-1,0,3,4) 15. 21 22. 63.4°

25. a = %, -3 42. LN, 2; u, v 43. LZ, 15 e.g. u 44. LN, 2; u, v
45. LZ, 15 e.g. u 50. LZ, 15 e.g. x 51. LZ, 2;eg. x, ¥ 53. LN, 3; x, vy, z
68. for all a; dim = 2 for @« = —1, dim = 3 for a # —1

69. k=0, 3, —2; dim = 2 70. a =2, —1; dim =2

73. e.g. a=u+ v, the expression is not unique, b cannot be expressed

79. no, 2 85. yes 92. no 93. yes 94. yes

I1.2. Matrices, determinants

0
3,6,3 1,2
21,5,3,11 T 7 ’ 15,20
109. (107197572) 110. | 2,4,2 111. 0 112. | 3,2 117. <20’35>
1,2,1 9 1,3
6.0 —-10,—4, -7 4,-4,4
124. <0’ 5) 132. 6,14,4 133. | —4,-1,0 ) 139. 2 =14, y=2 140. x =4, y =2
’ -5,5,—4 2,4,-4
11 1,0,0
143. 3, regular 148. 2, singular 149. 3, singular 160. ’ 161. | =3,1,0
1,-0.5
9,—-3,1
1,—-4,-3 1,-2,7 3 ;’8’8
166. does not exist 168. | 1,—5,—-3 170. 0,1,—2 171. )
-1,6,4 0,0,1 31,-19,3, -4
T i —23,14,-2,3
-3,2,0
o 0.5,0.25 5,—9 8,—1
174. | —4,5,-2 175. ( 0,0.5 ) 176. <_0.574.5> 177. <_1972
-5,3,0
-1.5,2,—-0.5
178. z #£y, © # z, y # z, 0.5,—1,0.5
0.5,1,—0.5
180. cos 2z 185. —58 190. 2a?%(a + x) 200. 3a—b

I.4. Eigenvalues and eigenvectors of square matrices

235. \1 =3, X1:OZ‘<1), Ao =1, .Xv2:5<_11>7 a,ﬁeC, 0[75750

236. )\1:77 X1:Q'<1)7 )\2:_27 XEZB(_45>a OZ,BEC, OZ,ﬂ?éO

237. A\ = ai, Xlza-(1>, Ao = —ai, ngﬁ-(_li), a, BeC, a, B#0

1

) 1
238.)\—2,X—a~< +8-10], o, BeC, |af+|B]#0
«
241. My =1, X3=1{ 8
«

1
0
—
s A=-1,X=1| 0], oo8,7€C, |a|+|B]#0, v#0



0 3
243. )\1:—27 Xi=a-10], )\2:1, ngﬁ —6 1, a,ﬁeC, 04,6750

1 20
1
244. A =1, X=a-| 1|, aeC, a#0 245. no 246. no
1

250. A: eigenvalues il i i”, eigenvectors X1 = (]];) , Xo = ( qq), p,q€C, p,qg#0
2 — 4 -

_ 2/3,-1/3 ) m=1/A\=1/3 '
1 __ ) ,
A = (_1/3’ 2/3), eigenvalues M= 1/ =1, ' eigenvectors Xi, Xo

3 )\1 - 7, . p 74(]
251. A: eigenvalues eigenvectors X; = , Xo = , 1,g€C, pg#0

Az = -2, p 5q
— —2/14 4/14 . 771:1//\1:1/7 )
1_ ) ] ) ‘
Al = (5/147 _3/14>, eigenvalues = 1/20 = —1/2, eigenvectors Xp, Xo

o A\ =iV5, . (D _( q
252. A: eigenvalues Ay = —iv/3, eigenvectors X; = (pi , Xo = —qi ) p,geC, p,qg#0

A7l = (0’ _1/5>, eigenvalues m =1/ = =i/5, eigenvectors X, Xo

1/5,0 e =1/X =i/,
2p 3(2+V3)q
A1 =2, .
oA eigenvectors X1 = | —p |, Xo3=| -22+V3)q |, p,¢#0
Aoz =143, K : ;

1/2,0,-3/2 B -

A= 0,1/2,1/2 |, eigenvalues m= /=172 , eigenvectors X7, Xo 3
1/2,1,-1/2 M3 =1/A23 =1/(1+£V3), :

255. A: eigenvalues il i :1}’, eigenvectors X1 = (g) , Xo = ( qq), p,q€eC, p,qg#0
2 — 4 -

2 _
A2 = (Z’4>, eigenvalues Zl - i% - ?’, eigenvectors X;, X»
) 2 = Ny = 1,

256. A: eigenvalues A= 1’, eigenvectors X; = P , Xo = 0 , 0, q€C, p,g#0
Az =2, 3p q

— \2 _
A2 — (éa()), eigenvalues Z; - i% = 411,’ eigenvectors X;. X
’ — 2 TS

. . )\1 = 22, . _ —-Pp — —q
257. A: eigenvalues Ny = —2i,7 eigenvectors X; = ( pi ) , Xo = (—qi , D,qeC, p,g#0

A? = (_470), vl. &islo n = A2 = \3 = —4, eigenvectors X1, Xo

0,—4
—-p
258. A: eigenvalue A = —1, eigenvectors X = | —p |, p€C, p#0
p
A% = | —8,4,—5 |, ecigenvalue n = A2 =1, eigenvectors X
0,1,2
1.5. Systems of linear algebraic equations
273. yes 1 275. yes, o0 276. yes, 1
278. a #1,—2 ... 1 solution, a=1 ... o0 solution, a=—2 ... 0 solution
280. a #0 ... 1solution, a=0 ...0solution, 283. A#5 ...0solution, A =5 ... oo solution
287. no 288. yes, x =2, y=3,2=5 295. no

300. 1for A=1, Ofor A #1 301. 1 for A=2, 0for A #2 308. t=0,y=0,2=0
309. 1 =0, 22 =0, 23 =0, 24 =0
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310.
316.
317.

z1 = —1lp, xy =

.’E1:0, 1'2:0, 1’3:0, £C4:0
x1:5p+Q7 T2 =4, :173:21)3 :c4:6p, p,(IGIR

-p, z3=Tp, p€ R

324. solution does not exist 328.z=1,y=-1, z=2

332. 2y =p—1, 22 =3p—1, z3=T7p, pec R 337. 2 =0, y =2, z:%, v:f%

338. xr1 = *8, To = 6, Tr3 = 12, Ty = 3

348. solution does not exist for a =1, = = _3 y= E z= da =T fora #1
’ 2(a—1)’ 2’ 2(a—1)

349.

350.

359.

— —_1 —
T=13,Y="3,2=3

solution does not exist for a = 1,

solution does not exist for o = 1,

xr = —06p+4, yz—p+%, z=2p, peR, fora=2
zr=y=z=1/(a—1)fora#1,a#2

r=p+3, Y=

p—

=(1-20)/(1-a), y=0, z=1/(1—a) fora # 1, a # -2

1

solution does not exist for a = %,

1

fora=1

a unique solution for a # %,

%, z=p, peRfora=-2

360. solution does not exist for k # 5,
for k = 5 there is infinitely many solutions: . =-p+1, y=—-7p+2, 2=5p, pe R
—16p —3q

_ _ p#0 _ 45 _ _10 40

369. A=0...| =7p |, Ax=1... —-q |, g+0 310. =2, y=—55 2~ &
4p q
III.1. Sequences of real numbers
incr. |decr. | non non mon. |strictly | lower upper |bound. |unbound.
—incr. |—decr mon. bound. |bound.

575. | + - - - + + + - - +

577 |+ | - - + + + + + + -

578. - - - - - - + + + -

579. — — - - - - + + + -

580. - + + - + + - + -

581. | - - + - + + - + + -
591. e? 594. % 596. 0 599. 400 609. —oo 612. —oo0 616. —1
619. 0 620. 0 621. —oo 622. 1 623. 0 629. é
IT1.2. Functions — basic notions and properties
657. (—00,0) U (4,400) 660. (—3,3) 661. (—3,5) 664. (—oo,—1) U (1,+00)
667. (0,3) U (%2) U (2, +00) 668. (—o00, (3 — v/5)/2) U ((3 +/5)/2, +00)
674. g(x) = sm x)?, h(z) = sin 22 675. g(z) = In (522 + 3), h(z) =51In*(z + 1) + 2
678. g(z) = sin?(2z 4+ 1) + 5 sin(2z + 1), h(x) = sin(2z> + 10z + 1)

679. g(z) = (x +3), h(xz) = cos,z + 2
687. odd 694. odd 695. even 698. yes, 2w 704. no 707. yes, 27
supremum |infimum | maximum minimum upper lower | bound.
bound. |bound.
709. 1 -1 1 -1 yes yes yes
718. /2 —m/2 /2 —m/2 yes yes yes
723. ‘ 400 0 does not exist 0 no yes no
727. ‘ 400 2 does not exist 2 no yes no
733. ‘ 400 —00 does not exist | does not exist no no no
734. ‘ 400 —00 does not exist | does not exist no no no
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ITI.3. Limit and continuity of a function

767. L =0, e.g. a=100 768. L=0,e.g. a=1n10 791. —i

792. -3 796. —4 797. 0 807. & 816. 0 837. 2
839. 1 840. 1 859. 3 863. 0 864. /2 865. /2
866. +oco 869. 0 882. 1887. ® 891. —3 902. +o0

904. 0 909. —o0 921. the left limit (—oo) # the right limit (4o00)

924. If we choose e.g. x,, = /2 4+ 7n then z,, — +o0, but lim, 4 sin x,, does not exist, because
sin z,, = (—1)™.

926. the left limit (—oo) # the right limit (+00)

929. (—o0,—1), (—1,400) 931. (—o0,—1), (—1,4+00) 932. (—o0,1), (1,2), (2,+00)

937. (—o0,0), (0,+00) 939. (0,1), (1,400) 943. (—00,0), (0,+00)

II1.4. Derivative of a function, its geometrical and physical sense

dr —1
960. 102 +7, = € (—00,+00) 968. — = 3¢ (—o00,+00)
2v2x%2 —x+5
z+6 2?2+ 10z -3

972 Vo —14 —12_ ze(l, 976. LT "2 1 e (—00,—5) U (=5,

W LA G wroe 0 £ € (70078 U(=5,4o0)

1 xz+2

979. € (—o00,5

5 T ap g TE0)

x x2+1

980. — , £ € (—o0,—1)U(—1,400

($+1) .732—|—1 (.13+1)2 ( ) ( )
990. 3cos (3z), = € (—o0,+00) 991. —sin 2% - 22, x € (—00, +00)

993. 12sin(6z) cos(6zx), x € (—oo0, +00)

999. cos (22 + 27 +2) - (22 +2), x € (—00, +00)
2

1001. 2z - tgx + z2 , ¢ € (—m/2+ km,+m/2+ kr), k integer
cos? x
1

1003. Lsx.’ x € (xg,400), where zq is a solution of the equation 1 + z +sin z =0

2V1+x+sinzx

1 1

1008, ———— gz (~1,0 1009, —— 2 € (0,400

2¢/—z(z +1) ( ) 2yx (x4 1) ( )

1

1016, —— 0 1017. 2e2® _

s € 0+) 62, 1 € (—00, +00)
1018. (10z — 2) - €3 ~22+1 2 ¢ (—o0, +-00) 1020. 1e*/2, z € (o0, +00)

2
1021. 10 (€% + 1) €5, z € (—00, +00) 1027. #214, 2 € (—00, +00)
1 7TvV49x2 +1+49

1028. —, z € (—00, +00) 1047. e , T € (—00,+00)

V1+ 2?2 (7o + V4922 + 1) V4922 + 1
1049. 22 - (22 + 1) +4xe®® - (2% + 1), 2 € (—00,+00)

2sgnx

1055. f'(x) =sgnx, x#0 1056. f'(x) =1/x, x #0
1057. f'(x) =2x -sgnzx, x € (—00, +00) 1058. f1(0) =1, f.(0)=-1
1062. fi(4) =4, f(4)=—4 1066. (1 +22)73/2, 2 € (—o0, +00)

2
1068. =" 2 # kr, k integer 1071, —4(z—1)73, = #1

sin” x

1109. y—1=0, =0 1110. y=-7-(z—m), y= (v —m)/7 1118. [-2,—4] 1119. [5, 1]
1125. tangent line exists for z > 0, parallel with the z—axis at the point [v/2, f(v/2)],

tangent line at the point [v/5, f(v/5)] is y —In(3/v5) = —(x — v/5)/(6V/5)
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I11.5.

1144.
1145.
1146.
1148.
1151.
1156.
1160.

1161.

1164.
1169.
1174.
1175.
1177.
1179.
1204.
1209.
1211.
1212.
1217.
1218.
1241.
1255.

1256.

1259.
1260.
1262.
1264.
1267.
1268.
1270.
1272.
1274.
1275.
1277.

Application of derivative, behaviour of a function

f increasing on (—oo, —3) and on (2,+00), decreasing on (—3,2)

f increasing on (—oo, \/—> and on (v/3,4+00), decreasing on (—/3,—1), (—1,1), (1,v/3)

f increasing on (—oo, —2) and on (0, +00), decreasing on (—2,0)

f increasing on (—1, 1) decreasing on (—oo, —1) and on (1, +00)

f decreasing on (—oo, —1) and on (1,+00), increasing on (—1,1)

f increasing on (—1,0) and on (1,400), decreasing on (—oo,—1) and on (0, 1)

D(f) = (=00, =1) U (=L, 1) U (1, +00), Timg—oe f(&) = 0, limyoros f(a) = +00

lm 14 f( ) = —o0, hmw_)l_ f(z) = =00, limz_14 f(z) =400, lim, i f(x) =400
f increasing on (—oo, —1), (=1,1 —v/2) and on (1 + v/2, +00),

decreasing on (1 — \/_, 2,1) and on (1,1 ++/2)
D(f) = (0,+00), limy—o4 f(z) =0, lim;je f(z) =1
f increasing on (0,e), decreasing on (e, +00)
max; f = f(=2)=f(2) =13, min; f = f(-1)= f(1) =4
)=3, min; f=f(1)=
max; f = f(4) =4, min; f = f(2) = -

1

max ; f does not exist, min; f = f(6)=—2In6
absolute minimum y = 2 — 2 In 2 at the point = = 2

absolute maximum y = 1/e at the point x = e

local minimum y = 2 at the point z = 1, local maximum y = —2 at the point z = —1

local minimum y = —2 at the point £ = 1, local maximum y = 2 at the point z = —1
absolute minimum y = % at the point x = —1, absolute maximum y = 3 at the point z =1
absolute minimum y = 1 at the point z = —1

D(f) = (—o00,400), limy_o f(z) =0, lim, 10 f(z) =400, f hasno local extremes
concave down on (—oo, —2) and on (0,2), concave up on (—2,0) and on (2,+00), points of
inflection —2, 0, 2

concave down on (—o0, —/3) and on (0, v/3), concave up on (—+/3,0) and on (v/3, +00), points
of inflection f\/g, 0, V3

concave up on (—oo, +00)

concave up on (—1,1), concave down on (—oo,—1) and on (1,+00), points of inflection +1
concave up on (—oo, —2), concave down on (1,+00)

concave up on (—oo, +00)

slanted asymptote y = —x (for x — —oo and for z — +00), vertical asymptotes x = —2, z = 2
slanted asymptote y = 2z (for x — —o0 and for  — +00), vertical asymptote z = 2

slanted asymptotes y = 2z — 7/2 (for x — —00) a y = 2z + 7/2 (for z — +00)

slanted asymptote y = —2 (for x — —oo and for  — 400), vertical asymptote z = —2
slanted asymptote y = x (for £ — —oo and for  — 400), vertical asymptote x =0

slanted asymptote y = z (for x — +00), vertical asymptote z =0

D(f) = (—o00,—2) U (—2,2) U(2,400), f continuous on (—oo,—2), (—2,2) and on (2, +00),

f even,

lim, o f(z) =0, im,__o_ f(x) = —o00, lim,__ot f(x) = +o0,

lim,4o- f(z) =400, limyyoy f(z) = —00, lim,io0 f(x) =0,
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)= — 2% or x
f(x)7(4—$2)2 f ED(f)7

f decreasing on (—oo, —2) and on (—2,0), increasing on (0,2) and on (2, 4+00),
f has local minimum 1y = + at the point 29 = 0,

1
8 + 622

f(x) = =27 for z € D(f),

f concave down on (—oo, —2) and on (2,400), concave up on —2,2),
asymptote y = 0 for  — —oo and for x — 400 and vertical asymptotes © = —2 a x = 2.

1278. D(f) = (—o0,+00), f continuous on (—oo, +00),
lm ., oo f(z) = 00, lim, o0 f() = —00,

3
() —
f decreasing on (—o0,0) and on (%, +00), increasing on (0, %),
f has local minimum y = 0 at the point z = 0 a local maximum y = 2% at the point = = 3

277
L2
J @) ===

f concave down on (—o00,0) and on (0,+00), f has no asymptotes

—1 for x € (—00,0) U (0,400),

for x € (—o0,0) U (0, +00),

1279. D(f) = (—o0,+00), [ continuous on (—oo,+00), lim,z ., o f(z) =limz 10 f(z) =0,
f(z) = —2x e forwe D(f), f increasing on (—o0,0) and decreasing on (0, 4+00),
f has absolute maximum y = 1 at the point x = 0,
(@) = (=2+42%) e for x € D(f),
f concave up on (—oo, —v/2/2) and on (v/2/2,4+00), concave down on (—+/2/2,v/2/2),
asymptote y = 0 for + — —oo and for x — 400

1281. D(f) = (=00, +00), f continuous on (—oo,+00), sudd,
i, oo f(2) = lim, oo f(x) = —00, f'(x) =2z —22° for x € D(f),
f increasing on (—oo, —1) and on (0,1), decreasing on (—1,0) and on (1, +0o0),
absolute maximum y = 1.5 at the points z = +1, local minimum y = 1 at the point z = 0,
the graph intersects the z—axis at the points +1/1 + /3,
f"(x) =2 — 622 for x € D(f), f concave down on (—o0,—+/3/3) and on (v/3/3, +o0),
concave up on (—/3/3,1/3/3), f has no asymptotes

1282. D(f) = (—o00,+0), f continuous on (—oo,+00), sud,
lim oo f2) = lim 4y oo f(2) = +o00, f'(z) =4a® — 4z for x € D(f),
f decreasing on (—oo,—1) and on (0,1), increasing on (—1,0) and on (1, +0c0),
absolute minimum y = —1 at the points z = +1, local maximum y = 0 at the point z = 0,
the graph intersects the z—axis at the points ++/2 and touches it at the point z = 0,
f"(x) = 1222 — 4 for x € D(f), f concave up on (—oo, —v/3/3) and on (/3/3, 4+00),
concave down on (—+/3/3,1/3/3), f has no asymptotes

1292. D(f) = (—00,0) U (0,+00), f continuous on (—oo,0) and on (0, +oc0),

lim f(z)=—occ, lim f(z)=0, lm f(z)=+oo, lm f(z)=+oo,
—2 1
fl(z) = et/" % for = € (—00,0) U (0, +00),
f increasing on (—oo, —1) and on (2, 400), decreasing on (—1,0) and on (0, 2),
f has local maximum y = e~! at the point z = —1, local minimum y = 4,/e at the point z = 2
o + 2
1/z

f(x)=e pr for z € (—00,0) U (0, +00),

f concave down on (—oco,—2), concave up on (—2,0) and on (0, +00),
vertical asymptote = = 0, slanted asymptote y = x + 3 for x — —oo and for x — +o00

1293. D(f) = (0,+00), f continuous on (0,400), f(0) =0, lim, .4 f(x) = +00,
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1295.

1308.

1317.

1319.

1321.

II1I.6.

1330. T5(x):1+£+...+%, Ro(z) = S5

3(xz—1
f(z)= % for « € (0,+00), f increasing on (1,+00), decreasing on (0, 1),
x
absolute minimum y = —2 at the point z = 1,
3(z+1)

for z € (0,400), f concave up on (0,4+00), f has no asymptotes

" o

D(f) = (—o0,+00), f continuous on (—oo,+00), lim,, o f(z)=—1, lim, 40 f(z)=1,

flae) = — i

(x2 4+ 1) Va2 +1

f increasing on (—0.5,4+00), decreasing on (—oo, —0.5),

absolute minimum y = —5/+/5 at the point z = —0.5,
422 + 32 — 2

" _

f ((E) - (1'2 + 1)5/2

f concave down on (—oo, —(3 4+ v/41)/8) and on ((—3 + v/41)/8, +-00),

concave up on (—(3 +1/41)/8, (=3 + V41)/8),

asymptote y = —1 for £ — —oo and y =1 for x — +o0

for x € (—o0, +00),

for z € (—o0, +00),

D(f) = (—o0,+00), [ continuous on (—o0,+00),
lim, o f(z) =limzio f(z) =0,
fl(@)=e*"2"2(1 —z) for z € (—o00,+00),
f increasing on (—o0, 1), decreasing on (1, +00),
absolute maximum y = e at the point x = 1,
f(x) =227 (222 — 4z 4+ 1) for z € (—00, +00),
f concave down on (1 —+/2/2,1 4 +/2/2), concave up on (—oo, 1 —+/2/2), (14 /2/2, +o0),
asymptote y = 0 for ¢ — —oo and for x — +o00
D(f) = (—o00,+00), [ continuous on (—o0,+00), IEIPOO flx) = mETm flx)=m,
, 2sgnx
f(a) = At 227
f decreasing on (—oo,0), increasing on (0, +00),

absolute minimum y = 0 at the point x = 0,

4xsgnx
() = R(ETSE for x € (—o0,0) U (0, 4+00),

f concave down on (—o0,0), concave up on (0, +00),

for x € (—00,0) U (0, 4+00),

asymptote y = 7 for £ — —oo and for x — 400
D(f) =(-2,2), f continuous on (—1,1), suda, liszr f(z) = 11212 f(z) = —o0,

2
flx) = —4_—22 for z € (—2,2),
f increasing on (—2,0)), decreasing on (0, 2),

absolute maximum y = In 4 at the point x = 0,

f(z) = —ﬁ for z € (-2,2),

f is concave down on (—2,2), f has vertical asymptotes © = —2 a z = 2

D(f) = (—o0,+00), f continuous on (—oo,+00), licha, mgrg)o f(z) = —o0,

$Er£m f(x) = +c0, fl(x)= 1—22 for z € (—o0, +00), f increasing on (—oo, +00),
F"(5) = =22 for z € (—00, +00),

(14 22)2
f concave down on (—o00,0), concave up on (0, +00),
asymptote y = x + /2 for t - —oco a y = z for £ — +00

Taylor’s theorem

1!



1331. Ts(z) = e + %(x— D+ + %(m— 1% Ro() = o (@ = 1)°
_ (3z)% | (3z)°  (3x)* _ (In 2)° €..5
1333. Ty(x) =143z + 51 + 31 + T Rsx = 51 2
3 25 2 sin &
1337. T7(m):a:—§+a—ﬁ, Rg(z) = S z®
.%‘2 .133 $4 $5 6 .137 .138

1346. T»
(-1 + 3 @-1° — s (@ - D', Rsla) = €~ 1)

1352. Tj

X
—_ + s D
23 243 1443 128 (£ +3)7/2

(z)
1351. Ty(z)
(2)
(@) =1-(r-D)+(@-1)>=(-1)°+ (-1 Rs(x)=—(z-1)°/&

1354. Ty

1. 22 3 ot b b 265
1362. == (1 riryr T ) = 229 _ 0.3681
862 <= (l+o+ 4 g+t ta)| =0 =0368
x2 7T2
1363. 0= (177) —1- - —0.996192
363. cos 5 1) e Sra3 = 09961923
"132 "ES
1365. In 1.2 = In(1+2)|scos = (m— 3+—) = 01826

1376. To(z) =1+ 32— 522, |f(

IV.1. Table of basic integrals, fundamental properties of indefinite integrals
1448. 228+ C, x € (—o0,+00) 1450. 27z — 92% + 225 — 127+ C 1452. 3zz+C
1454. —z~ '+ C 1455, oz +C, z € (0,+00) 1458 u—u? +C  1459. 222z + 2+ C

1460. —102792 + 15292 — 3,622'38 + C, x € (0,+00) 1461. z —2In|z| —2~1 +C
27 107

9

1464. S Va7 — 3 Vad +C, z € (0, +00) 1467. 31n|z| — ~ 33 +C 1468. 10 +C
1,5)*

1470. 3m—2§ ’1)5 +C 1473. 0.5 (tgx + )+ C, z € ((2k‘—1)§7(2k‘+1)g), k integer
n )

1474. C' — cotgx — tgx 1475. z —sinx + C

IV.2. Integration by parts

1481. e*(x—1)+C 1482, 122(2lnz — 1)+ C, z € (0, +00) 1483. sinz —zcosz + C
1484. 1[(z* + Darctgz — 2]+ C 1485. xsinx + cosx + C 1486. e®(2% — 2z +2) +C
1489. §+1(1 x—%)—i—C x € (0,400) 1494. zarctgz —Iny/1+22+C

1502. tarcsin®t + 2y/1 — t2arcsint — 2t + C, t € (—1,1) 1504. 1 (e®sinz —e®cosz) + C
1506. €™ (7 cos 5z + 55in 52) +C, choose u=¢e™ 1510. e®(z* =5z +7)+C

74

IV.3. Integration by substitution

1514. In 1i ’—I—C 1515. M—&—C 1516. In|sinz|+C, z € (km, (k+ 1)7), k integer
1518. 2/1+a2+C 1519. %H} 1532. 3Vsinz + C 1533. C —2cos®x
1534. %\/me+ C, z € (1,+00) 1542. C — }sin(1 — 2z) 1546. In(2? — 3z +8) + C
1555. C —ie® 1572. 2 [z — im|22+ 1] + C, z € (—00,—1), 2z € (-3, +00)
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1579.

1594.

1615.

1625.
1666.

3
C—1at—1a3—1a?—z—In[l—z|, z € (—00,1), z € (1,+00) 1580. %—x—i—arctgaj—&—c

S[Vab+2N¥a® +2In| Va® - 1|]+C, z€(0,1), z € (1,+00)

rarcsinx 1 ) s
Tz Tgll-2f+C e e(-L1) 1620. e~ <57 4 ¢

2In(1+22)+C, z € (0,+00) 1628. 2\/1+x2—|—31n(x+ 14+22)+C

tgz - In(cosz) +tgx —x+C, x € (—5 + 2km, - —|— 2km), k integer

1688. C — Le (2 + 222 +2)
IV.4. Integration of rational functions
3
— V2
1720. 3z —1|+C, z € (=00,1), z € (L,400) 1722, %+2x+\/§ln er:/[; +C
1 (u+1)2
1724, ———+ — 1731, In ————
2(x—3)2+07x€( 00,3), x € (3,+00) 31. In l +C
131 — 1 -2
1733, 3lnjz —6[ 3nlz ‘+C’
2 2
161 —4 1 -1
1734. = + n'; | n|x3 e z€(—00,1), z€(1,4), z € (4, +00)
2 2 8
1739. = —3x+ln%+0, z € (—00,-2), x€(-2,-1), z € (—1,+0)
1 3)¢
17as. 2 EET o e (Coo,—5) e (=5, -3), x € (=3, 1), @ € (—1,+00)

1749.

8 |(x+5)5(x+1)]

92
+1n(x 2) +C

T —2 2
1751. 3arctgz +In(2® +1) =2 In|z| + C, z € (—00,0), x € (0, +00)
|z 2vV3 V3
1754. In ———=+C, z € (—0,0), =z € (0,400 1755. —act— -1H)+C
S (52,0), @ € (0,+50) 5% (20— 1)
1761. 5 ln(x —x+1)+ ?arctg?( 20 -1)+C
4
1793. P +Injz+1|4+C, 2 €(—00,-2), x€(-2,-1), z € (—1,400)
2-2 53 1 -1
1798. In (@ z+5) + —arctgx— +C, z€(—o00,1), x € (1,+00)
|z — 1] 2 2
IV.5. Integration of trigonometric functions and their powers
7 5 3
1814. COS7 T 3CO55 v + cos®z — cosxz 4+ C 1815. T cosx + C
cos®x cosbz cos® z 2x — sin 2x r sin 4x
1822. — C 1823. — C 1828, ——+4C 1832. —— C
8 6 + 6 + 4 + 8 32 +
3z sin 10z sin 20z
1833. — —
833 8 20 + 160 +c
2 5t 2)+4
1858. garctg% +C, z € (—7m+2km,m+ 2kr), k is an integer

1864.

1865.

1871.

1
hul‘tgg‘ ~1 cothg +C, z € (km, (k+ 1)), k is an integer
g—ln\/|sinx+cos x|+ C, z€ (—%-}-kﬂ',%-ﬁ-k‘ﬂ'), k is an integer

sin bx  sin x cos 6x  cos 2x
1873. —
10 + 5 +C 873 B 1

+C
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IV.6.

Integrals of the type /R <x7 g

ax+b> da
cr+d

1892. % Va3 4\/_+4arctg\/—+0 z € (0,+00)
1895. 2 a%yx— L x ¥r+C, x € (0,+00)

\/1—x+\/1+x V1—z2
1896. In - +C, xe(-1,0), z € (0,1

Vi—z—+1+zx T ( ) 0,1)

11
1898. 322 — Tz —6+ —=In(z— I +,/22 -1z -2)+C
24+ +Vz+2)8

1899. v 4+2 —-2Vx +2+1n { 7—&—0, rz€(=2,-1), z € (-1,4c0
V.1. Basic properties of definite integrals, Newton—Leibniz’ formula
1985. 23/4 1986. a*/4 1989. 21/8 1991. 1 1992. 45/4 1993. 2
1996. 1 2000. 2/15 2002. 7/6

V.2. Integration by parts and by substitution in the definite integral

2010.
2020.
2035.
2043.

In2/2 2011. 7
~17/6 2024. 8/21
7/6 2036. /2 — 1

w/2—1 2044. e — /e

V.3. Improper Riemann integral

2050.
2058.

divergent 2051. 4
1 2060.

2012. 1 2015. 2 —7/2 2017. 2.
2030. 72/32 2031. (1—1In2)/2 2032. In (4/3)
2038. 1/3 2039. 2In2 —3/4 2040. 2/3
2054. 2+v/125/3  2056. 1/8 2057. Inv/3

2063. divergent

V.4. Some geometrical application of the definite integral

2067.
2069.
2074.
2075.

1/3  2068. the sum of areas of the two parts: 176/3

32/3  2070. the sum of areas of the two parts: 1/2

—7rf (4/9)(9 — 2?)dz = 167, b) —7Tf (9/4)(4 — y*) dy = 24~

a) V, =9,6m, b)V, =48

V.5. Further problems

1. 1/3 2. 3/2—2In2
6. w2/4 7. 97

11. 87/3 12. 6+1n2/4
15. 1

2077. 45— /2

3.2 4. m—2/3 5. 8In8—9
8. (e2—1)m/2 9. 7 10. 7+ 72/2
13. 8(10v/10 — 1)/27 14.
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