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Content

SPH method - background, basics and principles of method
application on fluid dynamics (derivation and properties of SPH
approximation)

some of the topics in SPH method (BC, adaptivity)
alternative formulations and it’s benefits (ALE-SPH, R-SPH,...)
note about implementation (GPU usage, neighbour list)

examples, case studies (free surface flow with 3D complex geometry,
wave breaking)
development, what we are working on
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Smoothed Particle Hydrodynamics

Smoothed Particle Hydrodynamics - a meshfree particle method
based on Lagrangian description
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Smoothed Particle Hydrodynamics

Smoothed Particle Hydrodynamics - a meshfree particle method based on
Lagrangian description

• meshfree particle method
• no topological connection between particles
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Smoothed Particle Hydrodynamics

Smoothed Particle Hydrodynamics - a meshfree particle method based on
Lagrangian description

• based on Lagrangian description - particles transport the values of
physical quantities

• material body B = {X}
• finite number of particles Bh = {X}h
• Material description

γγγt : B 7→ E3

X 7→ x = γγγt(X , t).
(1)

• Referential description: Lagrangian description for κ0 = κt(t = 0)

χχχt : E3 7→ E3

X 7→ x = χχχ(X, t)
(2)
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Smoothed Particle Hydrodynamics

Smoothed Particle Hydrodynamics - a meshfree particle method based on
Lagrangian description

• We use weight function to compute contribution from neighbour particles

• compactly supported, C1(Rn) (at-least), radial and positive
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SPH - why all that?

• Applications - whenever we can benefit of meshless lagrangian point of
view

CFD: free surface flow, massive fluid-air mixing, hight velocity impact,
impact of waves, floating objects, fluid structure interaction
CSM: large deformations, material fragmentation, cracks, penetrations
complex multiphysics simulations, astrophysical phenomena, explosion
phenomena

• new formulations - possibility of high order method
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SPH - why all that?
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SPH method - construction

• let’s start with Dirack delta distribution δx[φ] = φ(x)

f(x) =

∫
Ω
f(x′)δ(x− x′)dx′

f(x) ≃ ⟨f(x)⟩ =
∫
Ω
f(x′)W (x− x′, h)dx′

• if we substitute Df((x)) instead of f((x))

⟨Df(x)⟩ =
∫
Ω
Df(x′)W (x− x′, h)dx′

⟨Df(x)⟩ = −
∫
Ω
f(x′) · ∇W (x− x′, h)dx′.
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SPH method - construction - Weight function W

f(x) =

∫
Ω
f(x

′
)δ(x − x

′
)dx

′ → ⟨f(x)⟩ =

∫
Ω
f(x

′
)W (x − x

′
, h)dx

′

⟨Df(x)⟩ =

∫
Ω

Df(x′
)W (x − x

′
, h)dx

′ → ⟨Df(x)⟩ = −
∫
Ω
f(x

′
) · ∇W (x − x

′
, h)dx

′

Properties of weight function:

compactly supported W (x− x′, h) = 0 for |x− x| > κh

normalized
∫
Ω
W (x− x′, h)dx′ = 1 and W (+∞) = 0

limh→0+ W (x− x′, h) = δ(x− x′) in distributive (weak) sense

radial (i. e W (x− x′, h) =W (r) ), decreasing with r

positive (for meaningul representation of physical quantities, mathematically not
necessary)

smooth enough - C1(Rn) at least
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SPH method - construction - Weight function W

Usually we use bell (bump-like) shaped functions:
• Polynomial type (Wendland kernel)

W (r, h) = αd

(
1−

r

2

)4

(2r + 1); 0 ≤ r ≤ 2

• Gaussian type1

W (r, h) = αde
−r2

• Spline kernles

W (r, h) = αd


(3− r)5 − 6(2− r)5 + 15(1− r)5, 0 ≤ r ≤ 1,

(3− r)5 − 6(2− r)5, 1 ≤ r ≤ 2,

(3− r)5, 2 ≤ r ≤ 3,

0, r ≥ 3

1Without compact suppot, but decreasing fast, cut-off radius usually defined
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SPH method - particle discretization
• the domain is discretized in finite number of particles that represents elementary
volumes ∆Vi and transport the main physicial quantitis

⟨f(x)⟩ =
∫
Ω
f(x′)W (x− x′, h)dx′ → ⟨f(x)⟩i =

N∑
i=1

fi W (x− xi, h)∆Vi

⟨Df(x)⟩ = −
∫
Ω
f(x′) · ∇W (x− x′, h)dx′ → ⟨Df(x)⟩i = −

N∑
i=1

fi ∇W (x− xi, h)∆Vi

∆Vi =
mi

ρi

ρ(x) =
N∑
j=1

mjW (x− xj , h).

⟨f⟩i
∆x/h→0−−−−−−→ ⟨f(xi)⟩

h→0−−−→ f(x).
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SPH method - convergence of operators

⟨f⟩i
∆x/h→0−−−−−→ ⟨f(xi)⟩

h→0−−−→ f(x).

• from discrete to continuous: increasing the number of particles in Ω i.e.
∆x/h → 0
• from smoothed to exact: h → 0

Tomáš Halada (FS ČVUT) SPH method 5. 4. 2022 16 / 1



SPH method - convergence of operators

⟨f⟩i
∆x/h→0−−−−−→ ⟨f(xi)⟩

h→0−−−→ f(x).

• from discrete to continuous: increasing the number of particles in Ω i.e.
∆x/h → 0
• from smoothed to exact: h → 0

⟨f⟩i
∆x/h→0−−−−−→ ⟨f(xi)⟩

h→0−−−→ f(x).

• for regular particle distribution!

• convergence strongly depends on particles spatial distribution
• even for regular spatial distribution, convergence is between 1st and 2nd
order
• theoretical 2nd order convergence for h
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SPH method - how to discretize differential operator

⟨1⟩i =
N∑
i=1

W (x− xi, h)∆Vi, ⟨∇1⟩i = −
N∑
i=1

∇W (x− xi, h)∆Vi ̸= 0

• we can use that - if we recall h(x) = 1 and ∇h(x) = 0 ∀x ∈ Ω:

⟨∇f(x)h+∇hf(xi)⟩ =
∫
Ωi

(∇f(x′) +∇hf(xi))W (x− x′, h)dx′,

∫
Ω

[
∇f(x′

) + ∇hf(xi)
]
W (x − x

′
, h)dx

′

=

∫
S
W (x − x

′
, h)f(x

′
)ndS

′ −
∫
Ω
f(x

′
)∇W (x − x

′
, h)dx

′

+

∫
S
h(x

′
)f(xi)W (x − x

′
, h)ndS

′ −
∫
Ω
h(x

′
)f(xi)∇W (x − x

′
, h)dx

′

⟨∇f +∇hfi⟩i = −
N∑
j=1

∇jWijfj∆Vj −
N∑
j=1

∇jWijfi∆Vj .

Tomáš Halada (FS ČVUT) SPH method 5. 4. 2022 18 / 1



SPH method - how to discretize differential operator

⟨∇f +∇hfi⟩i = −
N∑
j=1

∇jWijfj∆Vj −
N∑
j=1

∇jWijfi∆Vj .

• with that we obtain symmetric approximation of derivative

⟨Df(x)⟩i =
N∑
j=1

(fj − f(x))∇W (x− xj , h)∆Vj

⟨Df⟩i =
N∑
j=1

(fj − fi)∇W (xi − xj , h)∆Vj .

• symmetry is needed for conservation
• concept of ∇1 = 0 is widely employed in SPH for various approximation
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SPH method - how to discretize differential operator

• we can have even more advanced approximation - from identity:

∇f

ρ
=

f

ρq
∇
(

1

ρ1−q

)
+

1

ρ2−q
∇
(

f

ρq−1

)
, q ∈ N

〈
∇f

ρ

〉
i,q

=
N∑
j=1

(
fi

ρ2−qi ρqj
+

fj

ρqi ρ
2−q
j

)
∇iWijmj .

• usually used with q = 1,

〈
∇f

ρ

〉
i,1

=
N∑
j=1

(
fi + fj

ρiρj

)
∇iWijmj

• or with q = 2 〈
∇f

ρ

〉
i,2

=
N∑
j=1

(
fi

ρ2i
+

fj

ρ2j

)
∇iWijmj .
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SPH - 2nd order derivatives

⟨∇2f⟩i =
∑
j

fj∇2
iWij∆Vj

• sensitive to particle disorder moreover don’t guarantee right direction of physical
processes
• we define F (|xij |) that ∇iW (xij , h) = −xijF (|xij |), moreover we define integral I(x)
(for the clarity we start in 1D)

I(x) =

∫
(f(x′)− f(x))F (

∣∣∣x− x′
∣∣∣)dx′.

I(x) ≃
∫ (

f(x) +
df

dx
(x

′ − x) +
1

2

d2f

dx
(x

′ − x)
2 − f(x)

)
F (

∣∣∣x− x
′
∣∣∣)dx′

=
1

2

d2f

dx2

∫
(x

′ − x)
2
F (

∣∣∣x− x
′
∣∣∣)dx′ =

1

2

d2f

dx2〈
d2f

dx2

〉
i

= 2
N∑
j=1

fj − fi
xj − xi

dW (xi − xj)

dx
∆Vj .

⟨∇2f⟩Mo
i = 2

N∑
j=1

(fj − fi)
xij · ∇aWij

∥xij∥2
∆Vj
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SPH - let’s look on fluid dynamics

We are interested in incompressible viscid flows, mosly with free surfaces.

ISPH - incompressible SPH

∇ · v = 0

Dv

Dt
= −

1

ρ
∇p+ ν∇2v + f

• projection method (solving a pressure
Poisson equation)
• implicit scheme

WCSPH - weakly compressible SPH

Dρ

Dt
= −ρdiv(v)

Dv

Dt
= −

1

ρ
∇p+ ν∇2v + f

p = p(ρ)

P = b

[(
ρ

ρ0

)γ
− 1

]
+ p0

• explicit scheme
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SPH - Weakly-compressible SPH (WCSPH)

Dρi
Dt

= −
〈
ρdiv(v)

〉
i
= ρi

N∑
j=1

mj

ρj
vij · ∇Wij

Dvi
Dt

= −
〈
∇p

〉
i,1

+
〈
∇ · τ

〉
i
+ fi = −

N∑
j=1

(
pi + pj
ρiρj

+Πij

)
∇iWijmj + fi

Dvi
Dt

= −
〈
∇p

〉
i,2

+
〈
∇ · τ

〉
i
+ fi = −

N∑
j=1

(
pi
ρ2i

+
pj
ρ2j

+Πij

)
∇iWijmj + fi
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SPH - SPH as Hamiltonian system

• Let’s take completely different approach - Lagrangian particles forms Hamiltionian
system which preserves conservation properties (mass, momentum, energy)

L(x, v) =
∫
Ω

ρ
(1
2
v2 − e(ρ, p)− ϕ(x)

)
dx

⟨L(x, v)⟩i =
N∑
j=1

[
1

2
mjv

2
j −mjU(t,xj)−mje(ρj , sj)

]
d
dt

( ∂L
∂vj

)
− ∂L
∂xj

= QV
j +Qi

pi = −∂ei
∂vi

∣∣∣∣∣
s

= ρ2i
∂ei
∂ρi

∣∣∣∣∣
s

vi :=
1

ρi
Ti =

∂ei
∂si

∣∣∣∣∣
V

mi
dvi
dt

−mifi +
∑
j

mj
pj
ρ2j

∂ρj
∂xi

= QV
j +Qi
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SPH - SPH as Hamiltonian system

• Let’s take completely different approach - Lagrangian particles forms Hamiltionian
system which preserves conservation properties (mass, momentum, energy)

L(x, v) =
∫
Ω

ρ
(1
2
v2 − e(ρ, p)− ϕ(x)

)
dx

⟨L(x, v)⟩i =
N∑
j=1

[
1/2mjv

2
j −mjU(t,xj)−mje(ρj , sj)

]
d
dt

( ∂L
∂vj

)
− ∂L
∂xj

= QV
j +Qi

pi = −∂ei
∂vi

∣∣∣∣∣
s

= ρ2i
∂ei
∂ρi

∣∣∣∣∣
s

vi :=
1

ρi
Ti =

∂ei
∂si

∣∣∣∣∣
V

mi
dvi
dt

−mifi +
∑
j

mj
pj
ρ2j

∂ρj
∂xi

= QV
j +Qi

• to get particle acceleration we need to model variantion of density with position
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SPH - SPH as Hamiltonian system

mi
dvi
dt

−mifi +
∑
j

mj
pj
ρ2j

∂ρj
∂xi

= QV
j +Qi

• to get particle acceleration we need to model variantion of density with position

ρ(x) =

N∑
j=1

mjW (x− xj , h)

mi
dvi
dt

−mifi +

[∑
j

mj
pj
ρ2j
mj∇Wij +mi

pi
ρ2i
mi

∑
j

∇Wij

]
= QV

j +Qi

Dvi
Dt

= −
〈
∇p

〉
i,2

+
〈
∇ · τ

〉
i
+ fi = −

N∑
j=1

(
pi
ρ2i

+
pj
ρ2j

+Πij

)
∇iWijmj + fi
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SPH - SPH as Hamiltonian system - density sumation
• actually, we have several ways how to determine the density

ρi =
mi

Vi
, ⟨ρ⟩i =

N∑
j=1

mjW (xi − xj , h)

Vi = 1/
N∑
i

W (xi − xj , h), ∆xi =
n
√

Vi

⟨ρ⟩i = mi

N∑
j=1

W (xi − xj , h)

DWij

Dt
= (vi − vj)∇iWij ,

Dρ

Dt
=

N∑
j=1

(vi − vj) · ∇Wijmj , pi = f(ρi)

ρi =
mi

Vi
= mi

∑
j

Wij , Vi = 1/

N∑
i

W (xi − xj , h)

DVi

Dt
= V 2

i

N∑
j=1

(vi − vj) · ∇Wij , pi = f(ρi)
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SPH - schemes with different density sumations

(ri0,vi0), ρi0 = f
−1

(pi0), ρi0 =
∑
j

mjWij

ρi =
∑
j

mjWij , pi = f(ρi)

Dv

Dt
= −

N∑
j=1

(
pi

ρ2i

+
pj

ρ2j

+ Πij

)
∇iWijmj

(ri0,vi0, ρi0), ρi0 = f
−1

(pi0), mi = ρi0Vi0

Vi(t) = mi/ρi(t)

Dρ

Dt
=

N∑
j=1

(vi − vj) · ∇Wijmj , pi = f(ρi)

Dv

Dt
= −

N∑
j=1

(
pi

ρ2i

+
pj

ρ2j

+ Πij

)
∇iWijmj

(ri0,vi0), ρi0 = f
−1

(pi0), mi = ρi0Vi0

Vi = 1/
∑

Wij , ρi =
mi

Vi

, pi = f(ρi)

mi
Dvi

Dt
= −

N∑
j

(piV
2
i + pjV

2
j )∇Wij

(ri0,vi0, Vi0), ρi0 = f
−1

(pi0), mi = ρi0Vi0

DVi

Dt
= V

2
i

N∑
j=1

(vi−vj)·∇Wij , pi = f(ρi)

mi
Dvi

Dt
= −

N∑
j

(piV
2
i + pjV

2
j )∇Wij

Tomáš Halada (FS ČVUT) SPH method 5. 4. 2022 28 / 1



SPH - Weakly-compressible SPH (WCSPH)

• back to our scheme obtained from conservation laws

Dρi
Dt

= −
〈
ρdiv(v)

〉
i
= ρi

N∑
j=1

mj

ρj
vij · ∇Wij

Dvi
Dt

= −
〈
∇p

〉
i,1

+
〈
∇ · τ

〉
i
+ fi = −

N∑
j=1

(
pi + pj
ρiρj

+Πij

)
∇iWijmj + fi

Dvi
Dt

= −
〈
∇p

〉
i,2

+
〈
∇ · τ

〉
i
+ fi = −

N∑
j=1

(
pi
ρ2i

+
pj
ρ2j

+Πij

)
∇iWijmj + fi

Viscous terms still need to be resolved.
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SPH - WCSPH - viscous terms

Dvi
Dt

= −
〈
∇p

〉
i,2

+
〈
∇ · τ

〉
i
+ fi = −

N∑
j=1

(
pi
ρ2i

+
pj
ρ2j

+Πij

)
∇iWijmj + fi

• artificial viscosity (combination of Neumann & Richtmyer and Landau, Landshoff,
Lifshitz nunumerical viscosity)

Πij =


− αcijµij + βµ2

ij

ρ̄ij
vij · xij < 0

0 vij · xij ≥ 0

, µij =
hvij · xij

|xij |2 + ϵh2
.

α, β are adjustable constants (usually β = 0 for free surface flows), ϵ prevents singularities

• direct discretization of viscous term

Πηij = −ηK µij
hρiρj

, µij =
hvij · xij

|xij |2 + ϵh2
.

η is kinematic viscosity and K is dimension coeficient (K = 6, 8 and 15 in 1D,2D and 3D)
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SPH - WCSPH - artificial viscosity

One more note about artificial viscosity.

Πij =


− αcijµij + βµ2

ij

ρ̄ij
vij · xij < 0

0 vij · xij ≥ 0

, µij =
hvij · xij

|xij |2 + ϵh2
.

• artificial viscosity parameter α (with β = 0) is often related to the physical viscosity

ν =
αhc0

d(d+ 2)

• later in dam-bream example

Rereal =
uL

ν
≃ 106

meanwhile
Renumerical =

8uL

αhc0
= 16000 for 2 · 105particles

• we would need to 800 ·106 of particles to get the real Re!
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SPH - WCSPH scheme

Dx

Dt
= vi

Dρi
Dt

= −
〈
ρdiv(v)

〉
i
= ρi

N∑
j=1

mj

ρj
vij · ∇Wij

Dvi
Dt

= −
〈
∇p

〉
i,2

+
〈
∇ · τ

〉
i
+ fi = −

N∑
j=1

(
pi
ρ2i

+
pj
ρ2j

+Πij

)
∇iWijmj + fi

Πij =


− αcijµij + βµ2

ij

ρ̄ij
vij · xij < 0

0 vij · xij ≥ 0

, µij =
hvij · xij

|xij |2 + ϵh2
.

p = b

[(
ρ

ρ0

)γ
− 1

]
+ p0
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SPH - WCSPH scheme

• simple dam-break testcase to check our scheme

• block of water separated by gate, in t = 0 gate is removed, water starts to move due
to gravitational force and collides with opposite wall
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SPH - WCSPH scheme
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SPH - WCSPH scheme

Where is the problem?
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SPH - diffusive terms, δ-SPH

• we have central explicit scheme

Dρi
Dt

= −
〈
ρdiv(v)

〉
i
= ρi

N∑
j=1

mj

ρj
vij · ∇Wij

• we use numerical speed of sound ∆t ∼ h/c0 (we are not able to use physical speed of
sound due to too small time step)

P = b

[(
ρ

ρ0

)γ
− 1

]
+ p0

• weakly-compressible model (assumption)
∣∣∆ρ/ρ∣∣ ≤ 0.01
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SPH - diffusive terms, δ-SPH

• Additional diffusion term in continuity equations

Dρi
Dt

=
N∑
j=1

mjvij · ∇iWij+δψhc0D

D = 2

N∑
j=1

ψij ·
xij · ∇jWij

∥xij∥2
mj

ρj

• approximation of even density derivative

• mass conservation consistency limh→0

(
lim∆x/h→0

〈
dρD

dt

〉
i

)
= 0

• global mass conservation
∑N
i=1

〈
dρD

dt

〉
i

= 0
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SPH - diffusive terms, δ-SPH

Dρi
Dt

= −
〈
ρdiv(v)

〉
i
=

N∑
j=1

mjvij · ∇iWij + δψhc0D

D = 2
N∑
j=1

ψij ·
xij · ∇jWij

∥xij∥2
mj

ρj
, ψMo

ij = ρj − ρi

Dvi
Dt

= −
〈
∇p

〉
i,2

+
〈
∇ · τ

〉
i
+ fi = −

N∑
j=1

(
pi
ρ2i

+
pj
ρ2j

+Πij

)
∇iWijmj + fi

Dx

Dt
= vi

P = b

[(
ρ

ρ0

)γ
− 1

]
+ p0

ψMo
ij is mostly used diffusion term, but doesn’t satisfy hydorstatic solution. For

hydrostatic cases it causes spurious water level raise, with the presence of dynamics
works fine, although we have variants suitable for mostly hydrostatic problems also.
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SPH - diffusive terms, δ-SPH

It’s better but far from perfect.
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SPH - Smoothing: result interpolation

Tomáš Halada (FS ČVUT) SPH method 5. 4. 2022 40 / 1



SPH - particles shifting techniques (PST)
• in terms to obtain better approximation results, we are trying to arrange particles to
obtain more regular spatial distribution
• based on diffusion law and particle concentration, small adjustments in particles
positions are done

J = −DF∇C.

⟨∇C⟩i =
N∑
j=1

mj

ρj
∇iWij

δxs = −D∇C.
• some cases are not possible to solve without shifting techniques! (tensile instabilities)
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SPH - Boundary conditions

• kernel truncation for particles near boundary

• we need to ensure particles don’t go through boundary
• we need to solve deformed support (i.e. overlaping of effective area and
boundary)2

• enforce predescribed boundary condition

2strictly taken: compact support cannot overlap boundary and deform itself towards boundary, due to this
reason we talk about effective area which can overlap boundary
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SPH - Boundary conditions

Additional particles

• predefined layers of boundary
particles (virtual particles)
• mirroring of fluid particles near to
boundary (ghost particles)

Kernel corrections

• Kernel renormalisation in order to
compensate missing neighbours
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SPH - BC: dynamic boundary conditions (DBC)

⟨f⟩i =
∑
j∈F

fjW (xi − xj , h)
mj

ρj
+

∑
j∈G

fjW (xi − xj , h)
mj

ρj

⟨Df⟩i = −
∑
j∈F

fj∇W (xi − xj , h)
mj

ρj
−

∑
j∈G

fj∇W (xi − xj , h)
mj

ρj
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SPH - BC: modified dynamic boundary conditions (mDBC)

⟨f⟩i =
∑
j∈F

fjW (xi − xj , h)
mj

ρj
+

∑
j∈G

fjW (xi − xj , h)
mj

ρj

⟨Df⟩i = −
∑
j∈F

fj∇W (xi − xj , h)
mj

ρj
−

∑
j∈G

fj∇W (xi − xj , h)
mj

ρj
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SPH - Boundary conditions - kernel corrections

• kernel correction in order to compensate lack of neighbors

∇W (xi − xj , h) → ∇WL(xi − xj , h) = L(xi)∇W (xi − xj , h)

• Shepard renormalisation factor

L(xi) =
1

γ(xi)
I

γ(x) =

∫
Ω

W (x− x′, h)dx′, ⟨γ⟩i =
∑
j∈F

W (xi − xj , h)
mj

ρj

• MLS (moving least-squares)

L(xi) =

[∑
j∈F

(xi − xj)⊗∇W (xi − xj , h)
mj

ρj

]−1

• repulsive mechanism needed (usually with one layer of boundary particles)
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Differences between boundaries
DBC mDBC BT
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SPH - open boundaries - inlet and outlet
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SPH - principle of inlet condition

• we add new particles (discretisation points) into domain

• buffer zone of particles with predescribed velocity
• position of buffer particles are updated and new particles are created in buffer zone

xnb = xb + [(xf − xb) · nb − Lb]nb.
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SPH - open boundaries - water level adjustment
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SPH: ALE-SPH (R-ALE-SPH) variants

• generalized transport velocity formulation (with some inspiration in FVM method)

Lv0(Φ) +
∑
α=1,d

∂

∂xα
(FαE − vα0 Φ)) = S

Lv0(Φ) =
∂Φ

∂t
+

∑
α=1,d

∂(vα0 Φ)

∂xα

P = b

[(
ρ

ρ0

)γ
− 1

]
Tomáš Halada (FS ČVUT) SPH method 5. 4. 2022 51 / 1



SPH: ALE-SPH (R-ALE-SPH) variants

F = F− v0 ⊗Φ

d

dt
(ωiΦi) + ωi⟨∇ · Fi⟩i = Si

d

dt
(ωiΦi) = −ωi

∑
j∈F

(Fj + Fi) · ∇iWijωj − ωi
∑
k∈B

Wik(Fk + Fi) · nksk + Si

(Fj + Fi) ≃ 2GE(Φi,Φj)

• moving Riemann problem between particles i and j

GE(Φi,Φj) = FE(Φij(λ0,ij))− v0(xij , t)⊗Φij(λ0,ij)

Φij(λ0,ij) = ΦE(λ0,ij ,Φi,Φj)

λ0,ij = v0(xij , t) · nij

xij =
xi + xj

2
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SPH: ALE-SPH (R-ALE-SPH) variants
• resulting scheme:

dxi
dt

= v0,i

dωi
dt

= ωi
∑
j∈Di

∇iWik · (v0,j − v0,i)ωj

dωiΦi

dt
= −ωi

∑
j∈Di

Ge(Φi,Φj) · ∇iWijωj + S

+ appropriate approximate Riemann solver for GE

Φ =


ρ
ρu
ρv
ρw

 G
x
E =


ρE(uE − u0)

ρEuE(uE − u0) + pE
ρEuE(vE − v0)
ρEuE(wE − w0)

 , G
y
E

=


ρE(vE − v0)

ρEvE(uE − u0)
ρEvE(vE − v0) + pE
ρEvE(wE − w0)

 ,

G
z
E =


ρE(wE − w0)
ρEwE(uE − u0)
ρEwE(vE − v0)

ρEwE(wE − w0) + pE

 , S =


0

ρωigx
ρωigy
ωigz


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SPH - R-ALE-SPH-variant
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SPH - R-SPH variant

• we can use Riemann solvers even with classical formulation

Dx

Dt
= vi

Dρi
Dt

=

N∑
j=1

mjvij · ∇iWij → Dρi
Dt

= 2ρi

N∑
j=1

(vi − v∗) · ∇iWij
mj

ρj

Dvi
Dt

= −
N∑
j=1

(
pi + pj
ρiρj

+Πij

)
∇iWijmj → Dvi

Dt
= −2

N∑
j=1

(
p∗

ρiρj

)
∇iWijmj + fi

p = b

[(
ρ

ρ0

)γ
− 1

]
+ p0

+ appropriate approximate Riemann solver for v∗ and p∗
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SPH - R-SPH variant

• it’s almost for free!

ps = pR iemannL inea r i z ed ( rhoL , rhoR , vL , vR , . . . ) ;

ac_sum . x −= 2.∗dW. x ∗( ps /( arho ∗ nrho ) )∗m;
ac_sum . y −= 2.∗dW. y ∗( ps /( arho ∗ nrho ) )∗m;

instead of

p_temp = ( ap + np )/( arho ∗ nrho ) ;
v i s c o = A r t i f i c i a l _ V i s c o s i t y (h , drs , drdv , . . . ) ;

ac_sum . x −= dW. x ∗(p_temp + v i s c o )∗m;
ac_sum . y −= dW. y ∗(p_temp + v i s c o )∗m;
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SPH - implementation and GPUs

• GPGPU - general-purpose computing on graphics processing units
• SPH method is suitable for GPU implementation (suitable, not perfect)

• effective way to find co-interacting particles is the crucial thing in
whole SPH!
• linked-list algorithm, octree
• beside that, GPU programming has some of its own specific and let’s not forget we
have elements without topological connections, mixing with each other
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Quick note - SPHERIC

SPHERIC is the international organisation representing the community of researchers
and industrial users of Smoothed Particle Hydrodynamics (SPH).

• GC1: Convergence, consistency
and stability

• GC2: Boundary conditions

• GC3: Adaptivity

• GC4: Coupling to other models

• GC5: Applicability to industry
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SPH - case study 1
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SPH - case study 1

• high water level mode with ˙VH = 10.8 l/s and low water level mode with ˙VH = 11.4
l/s
• 8 ·106 particles (initial spacing dp = 2.5 cm )
• Wendland kernel, artificial viscosity with α = 0.01, Molteni diffusive term wih δ = 0.1,
referential density ρ0 = 1000
• open-source code DualSPHysics
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SPH - case study 1
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SPH - case study 1 - V shape geometry
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SPH - case study 1 - V shape geometry

LWL

HWL

Tomáš Halada (FS ČVUT) SPH method 5. 4. 2022 63 / 1



SPH - case study 1 - siphon geometry

cut in axis of channel

cut 10 cm above bottom
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SPH - case study 1 - siphon geometry
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SPH - case study 1.5
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SPH - case study 2
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SPH - a few more exmaples

J. Ch. Marongiu (2016), ANDRITZ Hydro
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SPH - a few more exmaples

SPH flow, NextFlow
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SPH - a few more exmaples

Afrasiabi et al. (2021) - steel cutting with heat transfer
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SPH - a few more exmaples

Afrasiabi et al. (2021) - heat melting process
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SPH - a few more exmaples

GPUSPH and, well, LOTR
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SPH - a few more exmaples

SWIFT code, openSPH, Rosswog (2015)
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SPH - a meshfree particle method

Thank you for your attention!
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