Numericka matematika A — 30.06.2016
Al.

a) Nerovnost 27 Az > 0 pfipomina definici pozitivné definitn{ matice: Je-li matice A pozitivné defi-
nitni, bude splnéna pro libovolné = # 0. Matice A je symetricka. Pozitivni definitnost ovérime tedy
vypoctem vSech hlavnich minoru

5> 0, ‘g 2‘:30—9>0, det A =150+ 48 +48 — 96 — 45 — 80 = 25 > 0.
Vzhledem k tomu, ze vSechny hlavni minory jsou kladné, je dana symetricka matice pozitivné definitni.
Nerovnost 27 Az > 0 je splnéna pro libovolny x # 0. [ 8b. ]

b) A je SPD. [s ovéfenim, ze je SPD - 8 b.]
c) [vypocet - 9 b.]
1
xgkﬂ) = 3 (3 — 3:55’“) — 4x§k)> ,
1
x§k+1) _ 6 <1 _ 3x§k+1) _ 4x:())k)) ’
1
x:())k:—&-l) = : (5 _ 4x§k+1) B 4x;k+1)> .

X% =(3,1,5)7, dosadime a spocteme X' = (—4,—7/6,77/15)"=(—4, —1.166,5.133).

A2.
a) Postacujici podminkou pro existenci a jedn. feseni dané lohy jsou spojitosti funkce f a parcidlnich
derivaci f, fy, [6 b.]
f(xayay,) = ZL‘y/ - \/@a
1
fy = fy’ =,

Tyto podminky jsou splnény pro y > 0. Tedy G = {[z,y,y'] : v € (—o0,00),y € (0,0),y" € R}.
b) Prevedeme na soustavu ODR [7 b.]

n o=y r_ Y2 0) _ 4
=Y = , YW=
v = (Iyz—\/ﬁ) (1)

’<=1=F<07<i‘)>:(0-1—¢%>:(—;)
Vo= (1) 02( ) - (33).
k=7 (02 (02 ) = (005 vis ) = ( _vom )

y(l)_Y(O)—i—hkg—(?)"‘OA( _1s§)ég>_(04é§§)

Tedy y(0.4) ~ 4.24. [12 b.]



A3.

0’u  O%*u
Ay = — + —
4T B2 + Oy?
d*u u(z; + h,y;) — 2u(zs, y;) + ulz; — h,y; Uisr; —2U0,; + U;
pro Pi,j _ [$i7yj] . W(iﬂiayj) _ ( ]) (h2 J) J)+O(h2) ~ +1,5 hzj 1,5
0%u (xwy] + h) - 2“(3717 y]) + u(xz,yj h) +O(h2) ~ UiJJrl — 2Ui:j + Uivjfl U” ~ U(Pm)

8—342(33) 2 s ,

Dosazenim téchto vyjadieni do vyjadieni Au v regularnim uzlu P, ; dostavame

h2

P, U+ Uij —4U; ;+ Ui j 1+ Uiy
a tedy ndhradu rovnice —Au = f v regularnim uzlu (f; ; = f(F;;))

2
—Uiy1j = Uij1 +4U;; = Ui jo1 = Uimaj = b7 - fij.

[6 b.]
Dle Taylorova rozvoje mame
1 1
2(z; +h) = z(x;) + h 2 (z;) + §h22”(a:i) + gh?’z'”(mi) + O(h%),
1 1
z2(z; —h) = 2(x;) — h2'(z;) + §h2z"(xi) — §h3z”'(xi) + O(hY),
Sectenim obou rovnosti dostavame vztah
2(x; + h) — 2z(z;) + 2(x; — h) = h22"(z;) + O(hY),
z kterého 2" (z;) jiz vyjadiime
i+ h) —22(x; i—h
ot W2l om0y
[7 b.]
[12 b.]
O - ,A,B ,,,,, o Reguldrni uzly (A, B,C, D):
o e & AUy —Up—Uc—(3—0)—(3—0.5) = 0.5°-(4-0.5+0.5),
e i AUgp —Up—Up—(3—15)—(3—-1) = 05%-(4-1+0.5),
4Uc —Up—Up—Ug—(3—0) = 05°-(4-05+1),
4Up —Up —Ug—Up —(3—15) = 05%-(4-1+1),
neregularni uzly E, F' - uzijeme (1 4+ §)Uyx — 0Ug = ¢(Q), kde §

ziskdme ze souradnic hrani¢nich uzlu.

(P=105, -1, Q=11 3]

2 2
VWU —=-Uz=3-0.5
+3) E—3lc

1 1
VUp—-Up=3—1

1
(+3 3



A4.
a) Uzijeme nahrady

2
v,

5 (P)

Uttt —auk+ Uttt d%u Uk, —2uf+ UE,

k 7
T2 ’ 8:52( i) h?

dosadime do vlnové rovnice

UFtt —2uF+ Ut 81UF, —2UF + UE,

k
+ f(P
T2 25 h? (7).
< . 2 < 2 _ 8172 ‘
Vynasoblme 7%, oznaclme 0° = 5z75 a upravime

U = o®ULy + (2 = 20°)Uf + 0®Ufy, — UF + 72 1(PF).

[6 b.]
b) Podminky souhlasu [ 4b.]
poloha: rychlost:
: ou _ ou _ 2
u(z,0) = 2% Au(l,t) = # = 3 (1,00 =1-2% A 5(,1’0) N _(1+:2)2 =
pro [z = 1,t = 0] plati 1 =1, 8131”0 [z =11t= (2)] Pgﬁl 0=0,
uw(x,0) =2 Au(=1,t) =1 = o (@,0) =1~z /\5(_,1’()):0:
pro [x = —1,t = 0] plati 1 =1, pro [z = —1,t = 0] plati 0 =0,
Podminka stability explicitniho schématu: o < 1. Pro h = 0.2, 7 a danou rovnici méame
81 72 1
2 _ 2 _
—%W—817 Sl, tedmiax—g.
[ 2b.]
¢) 7=0.1< Tpae = 5, tedy 0 = 0.9 < 1, (6% = 0.81). [1b.]
M N
,,,,,,,,,,,,,,,,,,,,,,,,,,,, QO t=0.2
0 P Q R
S o o o O =0
S _
. . . t=0
x=0 x=0 x=0.2 x=04 x=0.6

Pocitame ptibliznou hodnotu feseni v bodech M = [0.2;0.2] a N = [0.4,0.2].
Unr = 0.81Up + 0.38Up + 0.81Ug — 0.2% + 0.1%(10 - 0.1 — 0.2),
Uy = 0.81Up + 0.38U¢ + 0.81Ux — 0.4* + 0.1%(10 - 0.1 — 0.4),
kde hodnoty v uzlech O, P, ), R lezi v prvni casové vrstvé , tedy
Uo=0*+0.1-(1-0%)=0.1
Up=02%+0.1-(1-0.2%)=0.136
Ug=04%+0.1-(1—0.42) =0.244
Ur=0.624+0.1-(1—-0.6%) =0.424
Tedy po dosazeni Uy, = 0.29832, Uy = 0.39232 [12b.]



Numerickia matematika B — 30.06.2016
B1.

a) (druhd kiivka je elipsa s poloosami 1/2 a 2), y = — — + == = 1. Soustava ma 4 feseni.

b) X© = (0, —1)¥
f(a:,y):16:v2~|—y2—4, g($’y):4$_l f(07 _1):_37 g(oa_l) =L

y?
1
fo = 32, fy:2y7 9z =4, gy:E
- o4 () i [ So(A) fy(A) | = f(A) 0 -2| 3
Svoustava rovnic pro A,, A, vbodé A = X je ( 0(A) a(A) | —g(A) — 4 1l-1
Resenf této soustavy A, = —2, A, = (=14 3)/(4) = 5. Tedy

B2.

% Yy (% / Y2 1
a) Y = = , flz,Y)=1{ . , soustava: Y = |{ , Y(2) =
) (y2> (y') fla.¥) <ﬁy1 - %92) (myl - %y2> @ (0)

b) Volime krok h = 0.1 a spocteme pribliznou hodnotu reseni v bodé x = 2.2 Eulerovou metodou

1

2 =21, y® = < 0 ) +0.1£(2,Y0) = < (1) ) +0.1 < g ) = ( 0; >

Ty =22, Y = ( 0; ) +0.1£(2.1,YM) = ( 0; ) +0.1 ( O'f > _ ( 1-00§ )

c¢) Collatzova metoda, krok h = 0.2

.1'0:27 Y(O)_(é>

T =22, k= f(2,Y0) = (

)



a) Postacujici podminky pro ex. a jedn. feseni: V dané tloze p(z) =z — 1, (a také p'(z) = 1), ¢(z) =«
a f(x) = |3 — x| spojité na I = (2,4). A plati p(x) >0 a g(xz) > 0 na I.

b) Zapiseme sitové rovnice pro krok h = 0.5 v uzlech 1 = 2.5, 15 = 3 a 3 = 3.5

—1.25 - 14 (1.25+ 1.75+ 0.25% - 2.5) y; — 1.75y, = 0.5%- (3 —2.5),
—1.75y; + (1.75 + 2.25 + 0.25% - 3) yp — 2.25y5 = 0.5*- (3 —3),
—2.25ys + (2.25+ 2.75 + 0.257 - 3.5) y3 —2.75 - 0 = 0.5*- (3.5 — 3),

kde jsme hodnoty yo = y(2) = 1 a y4 = y(4) = 0 z okrajovych podminek. Upravime :

3.625 —1.75 0 n 1.375
—1.75 475 —2.25 ye | = 0
0 —2.25 5.875 Ys 0.125

¢) Matice soustavy je ODD (tddky i sloupce), také proto, ze q(z;) # 0, i = 1,2, 3.
B4.
o Podminky souhlasu:

Poloha (u), Rychlost (u)

Bod [0,0]: @+ 1l,mo=1=lim0, £—1mo=—1=2 (1) o= —(1+) "z

ddt 1+t
Bod [1,0] T+ 1|x:2 =3 = 3|t:0, % - 1|x:2 =0= E(3>|t:0

b) Podminka stability pro h =0.5 a 7 =0.1: (¢ <1)

, 872 0.8
o =  — =
h?  0.252

=032<1, tj. o<1

¢) z-ové souradnice na obr. jsou jiné!

A
,,,,,,,,,,,,,,,,,,,,,,,,, O . t=02
,,,,,, GBOC'D t=0.1
. =0
X=:0.75 x=1

UEIU(1.5,O):2.5, UD:3
Us=(1+1)+01-(05—-1)=2-0.05=1.95
Uo=(1.5+1)+0.1-(0.75— 1) = 2.5 — 0.025 = 2.475

1.5

Ua = 03205 +(2 =2 0.32)Uc +0.32Up — Up + 0.01({ 557

) = 2.4575



