
Numerická matematika A – 30.06.2016
A1.

a) Nerovnost xTAx > 0 připomı́ná definici pozitivně definitńı matice: Je-li matice A pozitivně defi-
nitńı, bude splněna pro libovolné x 6= 0. Matice A je symetrická. Pozitivńı definitnost ověř́ıme tedy
výpočtem všech hlavńıch minor̊u

5 > 0,

∣∣∣∣ 5 3
3 6

∣∣∣∣ = 30− 9 > 0, detA = 150 + 48 + 48− 96− 45− 80 = 25 > 0.

Vzhledem k tomu, že všechny hlavńı minory jsou kladné, je daná symetrická matice pozitivně definitńı.
Nerovnost xTAx > 0 je splněna pro libovolný x 6= 0. [ 8b. ]

b) A je SPD. [s ověřeńım, že je SPD - 8 b.]

c) [výpočet - 9 b.]
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X0 = (3, 1, 5)T , dosad́ıme a spočteme X1 = (−4,−7/6, 77/15)T =̇(−4,−1.166, 5.133).

A2.

a) Postačuj́ıćı podmı́nkou pro existenci a jedn. řešeńı dané úlohy jsou spojitosti funkce f a parciálńıch
derivaćı fy, fy′ , [6 b.]

f(x, y, y′) = xy′ −√y,

fy =
1

2
√
y
, fy′ = x,

Tyto podmı́nky jsou splněny pro y > 0. Tedy G = {[x, y, y′] : x ∈ (−∞,∞), y ∈ (0,∞), y′ ∈ R}.

b) Převedeme na soustavu ODR [7 b.]
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Tedy y(0.4) ≈ 4.24. [12 b.]



A3.

a)

4u =
∂2u

∂x2
+
∂2u

∂y2

pro Pi,j = [xi, yj] :
∂2u

∂x2
(xi, yj) =

u(xi + h, yj)− 2u(xi, yj) + u(xi − h, yj)
h2

+O(h2) ≈ Ui+1,j − 2Ui,j + Ui−1,j
h2

∂2u

∂y2
(Pij) ≈

u(xi, yj + h)− 2u(xi, yj) + u(xi, yj − h)

h2
+O(h2) ≈ Ui,j+1 − 2Ui,j + Ui,j−1

h2
, Ui,j ≈ u(Pi,j)

Dosazeńım těchto vyjádřeńı do vyjádřeńı 4u v regulárńım uzlu Pi,j dostáváme

h24u|Pi,j
≈ Ui+1,j + Ui,j+1 − 4Ui,j + Ui,j−1 + Ui−1,j

a tedy náhradu rovnice −4u = f v regulárńım uzlu (fi,j = f(Pi,j))

−Ui+1,j − Ui,j+1 + 4Ui,j − Ui,j−1 − Ui−1,j = h2 · fi,j.

[6 b.]

c) Dle Taylorova rozvoje máme

z(xi + h) = z(xi) + h z′(xi) +
1

2
h2z′′(xi) +

1

3!
h3z′′′(xi) +O(h4),

z(xi − h) = z(xi)− h z′(xi) +
1

2
h2z′′(xi)−

1

3!
h3z′′′(xi) +O(h4),

Sečteńım obou rovnost́ı dostáváme vztah

z(xi + h)− 2z(xi) + z(xi − h) = h2z′′(xi) +O(h4),

z kterého z′′(xi) již vyjádř́ıme

z(xi + h)− 2z(xi) + z(xi − h)

h2
= z′′(xi) +O(h2)

[7 b.]

b) [12 b.]
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Regulárńı uzly (A,B,C,D):

4UA − UB − UC − (3− 0)− (3− 0.5) = 0.52 · (4 · 0.5 + 0.5),

4UB − UA − UD − (3− 1.5)− (3− 1) = 0.52 · (4 · 1 + 0.5),

4UC − UA − UD − UE − (3− 0) = 0.52 · (4 · 0.5 + 1),

4UD − UB − UC − UF − (3− 1.5) = 0.52 · (4 · 1 + 1),

neregulárńı uzly E,F - užijeme (1 + δ)UN − δUR = ϕ(Q), kde δ
źıskáme ze souřadnic hraničńıch uzl̊u.
(P = [0.5, −11

6
], Q = [1, −5
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A4.

a) Užijeme náhrady
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dosad́ıme do vlnové rovnice
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[6 b.]

b) Podmı́nky souhlasu [ 4b.]

poloha:
u(x, 0) = x2 ∧ u(1, t) = 1

1+t2
⇒

pro [x = 1, t = 0] plat́ı 1 = 1,
u(x, 0) = x2 ∧ u(−1, t) = 1⇒
pro [x = −1, t = 0] plat́ı 1 = 1,

rychlost:
∂u
∂t

(x, 0) = 1− x2 ∧ ∂u
∂t

(1, 0) = − 2t
(1+t2)2

⇒
pro [x = 1, t = 0] plat́ı 0 = 0,
∂u
∂t

(x, 0) = 1− x2 ∧ ∂u
∂t

(−1, 0) = 0⇒
pro [x = −1, t = 0] plat́ı 0 = 0,

Podmı́nka stability explicitńıho schématu: σ ≤ 1. Pro h = 0.2, τ a danou rovnici máme

σ2 =
81

25
· τ

2

0.22
= 81 · τ 2 ≤ 1, tedy τmax =

1

9
.

[ 2b.]

c) τ = 0.1 ≤ τmax = 1
9
, tedy σ = 0.9 < 1, (σ2 = 0.81). [1b.]
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Poč́ıtáme přibližnou hodnotu řešeńı v bodech M = [0.2; 0.2] a N = [0.4, 0.2].

UM = 0.81UO + 0.38UP + 0.81UQ − 0.22 + 0.12(10 · 0.1− 0.2),

UN = 0.81UP + 0.38UQ + 0.81UR − 0.42 + 0.12(10 · 0.1− 0.4),

kde hodnoty v uzlech O, P , Q, R lež́ı v prvńı časové vrstvě , tedy

UO = 02 + 0.1 · (1− 02) = 0.1

UP = 0.22 + 0.1 · (1− 0.22) = 0.136

UQ = 0.42 + 0.1 · (1− 0.42) = 0.244

UR = 0.62 + 0.1 · (1− 0.62) = 0.424

Tedy po dosazeńı UM = 0.29832, UN = 0.39232 [12b.]



Numerická matematika B – 30.06.2016
B1.

a) (druhá křivka je elipsa s poloosami 1/2 a 2), y =
1

4x
,

x2

1
2

2 +
y2

22
= 1. Soustava má 4 řešeńı.

b) X(0) = (0, −1)T

f(x, y) = 16x2 + y2 − 4, g(x, y) = 4x− 1

y
, f(0, −1) = −3, g(0,−1) = 1.

fx = 32x, fy = 2y, gx = 4, gy =
1

y2

Soustava rovnic pro ∆x, ∆y v boděA = X(0) je
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B2.
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b) Voĺıme krok h = 0.1 a spočteme přiblǐznou hodnotu řešeńı v bodě x = 2.2 Eulerovou metodou
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c) Collatzova metoda, krok h = 0.2
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B3.

a) Postačuj́ıćı podmı́nky pro ex. a jedn. řešeńı: V dané úloze p(x) = x− 1, (a také p′(x) = 1), q(x) = x
a f(x) = |3− x| spojité na I = 〈2, 4〉. A plat́ı p(x) > 0 a q(x) ≥ 0 na I.

b) Zaṕı̌seme śıt’ové rovnice pro krok h = 0.5 v uzlech x1 = 2.5, x2 = 3 a x3 = 3.5

−1.25 · 1 + (1.25 + 1.75 + 0.252 · 2.5) y1 − 1.75 y2 = 0.52 · (3− 2.5),

−1.75 y1 + (1.75 + 2.25 + 0.252 · 3) y2 − 2.25 y3 = 0.52 · (3− 3),

−2.25 y2 + (2.25 + 2.75 + 0.252 · 3.5) y3 − 2.75 · 0 = 0.52 · (3.5− 3),

kde jsme hodnoty y0 = y(2) = 1 a y4 = y(4) = 0 z okrajových podmı́nek. Uprav́ıme : 3.625 −1.75 0
−1.75 4.75 −2.25

0 −2.25 5.875

 y1
y2
y3

 =

 1.375
0

0.125


c) Matice soustavy je ODD (řádky i sloupce), také proto, že q(xi) 6= 0, i = 1, 2, 3.

B4.

• Podmı́nky souhlasu:

Poloha (u), Rychlost (ut)

Bod [0, 0]: x+ 1|x=0 = 1 = 1
1+t
|t=0,

x
2
− 1|x=0 = −1 = d

dt

(
1

1+t

)
|t=0 = −(1 + t)−2|t=0

Bod [1, 0]: x+ 1|x=2 = 3 = 3|t=0,
x
2
− 1|x=2 = 0 = d

dt
(3)|t=0

b) Podmı́nka stability pro h = 0.5 a τ = 0.1: (σ ≤ 1)

σ2 =
8τ 2

h2
=

0.08

0.252
= 0.32 ≤ 1, tj. σ ≤ 1

c) x-ové souřadnice na obr. jsou jiné!

t = 0.1

t = 0

x = 1

t = 0.2

x = 0.75

A

DCB

E

UE = u(1.5, 0) = 2.5, UD = 3

UB = (1 + 1) + 0.1 · (0.5− 1) = 2− 0.05 = 1.95

UC = (1.5 + 1) + 0.1 · (0.75− 1) = 2.5− 0.025 = 2.475

UA = 0.32UB + (2− 2 · 0.32)UC + 0.32UD − UE + 0.01(
1.5

1 + 10 · 0.1
) = 2.4575


