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}{CTBK,$��, >=,�BU#�q�q��{cd,R;X#�pT,$L=BKC�pT, N�FG>�E�,OS'.<FGCT>��P� 2X� p8.<;X#�.@#�> �S\CT>XHKF�HJ.K, >T.:�\�lHJ.K,�LQ!$,\.K;XC�N ��.<;X#�.DFoHM+-F�LXHKSU;XF .�>:S�C�> .KF�>�?=C�?9H<��F�HMS�C�>�p�, BK�T,�> . �FE�?XSU;Y! ,�.K;=CPN=HD#�BK,~#�?P.<C�!R#�.<F�S #�q�qG�AS> ,�B<C��lH�.U#�7=q�,$C�#�>XN*7A,�;X#�pT,Vcd, qGqM#�H 	 � v=��zM;X,�� !R#���;X#�pT,VC�.<;=,�B H�.U#�7=F�q�F .�� L=B<C�7=q�,�!RHI.K;X#�. HK;=C�c ?=L�EtCTBAJqo#�B<��,�CIp�#�q�?=,OHMC�E 	k}=;=C�ce,�pT,�BO}TcD;=FoSU;�F�He.<;=,IHK?=7 6 , S\.6C�E�.K;=,�>=,�%�.0SU;X#�LP.<,�BO�
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�l>V.<;=,~q�#TH�.MSU;X#�LP.<,�Becd,~F�> pT, HJ.KF��T#�.K, N > ,�B<C��lH�.U#�7=F�q�F .��T}�.<;=,0EtCTBK! C�E�H�.U#�7=F�q�F .��$>=, , NP,ONR.KC ��?9#�BU#�> .K, ,0S\CT> pT,�B<��, >XS\,C�Es# >�?=!$,�B<F�S #�q !$,\.<;=CPNY#THM.K;X,���B<F�NQF�H6BK,��X>=, N ��	 � vT�'���l>YLXB<#TS'.KFoS\,T}P;=C�ce,�p�, B }�ce,�#�B<,~>XC�.0#�7XqG,~.KCV#TS'.<?X#�q�qG�S\CT!$L=?P.K,6.K;=FoH q�FG!$FG. �s�l>XHJ.K,O#�N ce,D.���L=F�S #�q�qG�rL9, BJEtCTBK! #�HKFG>=�TqG,�S�#�qoS\?Xq�#�.KF�C�>$cDF .<;VHJCT!$,DLX#�BK.KFoS\?=qo#�B�>=C�>'> ,�B<C:.KF�!$,HJ.K,�LR	Q�tC�B HKC�!$,eLX#�BK.KFoS\?Xq�#�B HK,$o ?=, >XS\,eC�E9.KF�!$,6H�.<,�LXH cDFG.K;$#~p�#�BKFo#�7XqG,MH�.<,�L$HJF >�,M!$,\.<;=CPNX�'�dE�F�>XS�,d.<;=,M,\%PLA,�>XHK,MC�E.K;X,�S\CT!$L=?P.<#�.KF�C�>RF�>XS\B<, #THJ,OHs#�He	$NP, S�BK,O#�HK, H }�cd,0��,�>X,�BU#�q�qG�rce#�>T.�.KC@SU;=C�C HJ,M.<;=,D.KF�!$,�HJ.K, LV#�H qo#�B<��,6#THsLACTH<HJF�7=q�,S\CT>XHKF�HJ.K, >T.DcDFG.K;�C�?XB6#�S�S�?=BU#�S\�RB<,$o ?=F�B<,�!$,�> .<H � @6C�c S�#�>Yce,~,OH�.<FG!R#�.K,:.K;X,IHJF >�,:C�Es	QBK,�oT?XFGB<, N�<� ,OS�#�q�qM.K;9#�.8FGE:.K;=,�!$,�.K;=CPN F�HQH�.U#�7=q�,{F�>4#�> #�L=L=B<C�LXBKFo#�.<,�HK,�>9HJ,T}d.<;=,�>4ce,{,\%PLA, S'.8.K;=,��TqGCT7X#�qD, BKB<C�B .<C7A,Y7AC�?X>XNP, N�F�>
.<,�B<!$H C�E0.K;X,Yq�CPS�#�qd.<BK?X>XS�#�.KF�C�>
, BKB<C�BUH #�.$, #�SU; H�.<,�L-}e#�>XN HKC�ce,YS #�>�C�E�.K, >�?9HJ,Y.K;X,Yq�CPS�#�q.KB<?=>XS #�.<FGCT>{,�B<BKCTBD.KCV,OH�.<FG!R#�.K,�.<;=,I.<FG!$,rHJ.K, L�>=, , NP,ON }A#TH6F�qGq�?XHJ.KBU#�.<, N�7A,�q�C�c��8|d?=.0.K;X,IEtC�B<!"C�E H�.U#�7=F�q�F .���>=C�c>=, , NP,ON�FoH~HKC�!$,�.K;=F�>=��H�.<BKCT>=��, B0.<;X#�> >�,�B<C��lHJ.<#�7XFGq�F .��T�w��,$>=, , N{.<CQ��>=C�c .K;X#�.�.<;=,$,�B<BKCTB0FoH�ce,�q�q 79, ;X#�p�,ON{EtCTB.K;X,0LX#�BJ.<F�S�?=q�#�Bs.KF�!$,�HJ.K, LVcd,�#�B<,D>=C�c4?XHJF�>=�9� �y.dF�HdqGFG.J.<qG,�;=,�q�LR.<CI��>=C�c .K;X#�.�.K;XFG>=� H cDF�qGqkS\CT>�p�,�B<��,MF�>$.K;=,�qGF�!$F .A�EtCTB0	8HK?V�VS\F�,�> .<qG�YHJ!R#�q�q C=�szM;=,:L9C�.K, >T.<F�#�q_NPF?�VS\?=qG.KF�, H6#�BK,:7A, HJ.6FGq�q�?XH�.<B<#�.K,ON8cDFG.K;{HKC�!$,:,\%=#�!$L=q�, H �
��� ')��F��� � � � �KkdC�>XHKFoNP,�BM.<;=,��=� � i j ��|J��1 r{HKFG>M|'w i ��vT�s1 �cDFG.K;{HJCTqG?=.KF�C�> i �t|J� 1 S�CTHP|')E�?=LXL9C HJ,Ice,IcDFoHJ;�.KCV?XHK, m�?=qG, B$n HD!$,\.<;=CPN�.KCYHJCTqGpT,:.K;=FoH6LXBKCT7=qG, ! ?XL{.KCR.<FG!$,r3 1 h �DzM;=,rqGCPS #�q-.<BK?X>XS�#�.KF�C�>,�B<B<C�BMF�H -��|J� 1 �h 	 ikj j �t|J���
m$��	 v � ���X�G���

1 r �h 	MS\CTH �t|J�_��m$��	 v �
E�F�>XS\,~.<;=,:Et?=>XS\.KF�C�>�+ �t|J� 1 r{HJF�>M|�FoHMFG>XN=,�LA,�>XNP, > .6C�E i }PFG.6F�HD+_FGLXH<SU;=FG.D>�S\CT> .KF�> ?XC�?XHecDFG.K;{+-F�LXH<SU;=F .�>�S\C�>9H�.U#�> .
< 1 vX}=#�>XN�HKC .K;=,�, BKB<C�Be, HJ.KF�!R#�.K,V�y����� h �dHK;=C�c6Hd.K;9#�.

^ � - ^ � 3 Z  Z\[ 1 	 !R#�%� &?>y& � ^ S\C HP| ^ 1 	k)
E�?=LXL9C HJ,$ce,rcM#�> .~.KC{S\CT! LX?P.K,R#YHJCTqG?P.<FGCT>�cDFG.K; ^ � ^ � �Ov � ���rzM;=, >�ce,RHJ;XC�?=qoN�7A,R#�7=q�, .KCQ.<#��T,$	�1 � v � �#�>9N8CT7P.<#�FG>{#$HJ?XF .U#�7=q�,IHJCTqG?=.KF�C�>�#�E�.K, BD3D5�	 1 h vTv�v@.KF�!$,IH�.<,�LXH �s�l>XNP, , N }XS #�qoS\?=qo#�.<FG>X�r?XHKF�>=�8	R1W� v � �~��F�p�,OHM#S\CT!$L=?P.K,ONYp�#�qG?X,I�&v �<�K� 1 r6v=) GX� p�b � h cDFG.K;{#�>�, BKB<C�BM� v �K�<� 1��&v �<�K� r S�CTH�� h ��1nv=) G�p_G�� ���Ov � ���
��� ')��F��� � � � ��+6C�c HJ?=LXL9C HJ,�ce,:! CPNPFGEt�V.<;=,I#�7AC�p�,~,$o ?X#�.KF�C�>Q.KCi j ��|J� 1�<�� i r S�CTHP|J��r HJF�>D| ���X� h �

�A@
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z #�7=q�, �X�G� � m�BKB<C�BUHsF�>V.K;X,~S�C�!$L=?P.<, NVHKC�q�?P.KF�C�>8?XHJF�>=� m ?=q�,�B�n Hd!$,\.<;=CPNVF�> ms%=#�! LXqG, �X� �X}�EtCTBeN=F{xk,�B<,�> .Mp�#�qG?X, HdC�E.K;X,:.KF�! ,IHJ.K, L�	k�d+6C�.K,~.K;=,IN=B<#�!$#�.KFoS:SU;X#�>=�T,�F�>�79, ;X#�p�FGCTBDC�E�.K;=,�, BKB<C�BeEtC�B0	 = v=) v�v�v ��p h �	 m B<B<C�BvX� vTv=� vTv�v v=���5G*p h p h mM�����vX� vTv�v#����b v=��p_���=� v�p_mM� 2�bvX� vTv�v#��p�v vX� 2 h �Ov3�#��ms�lv�bvX� vTv�v3�Tv�v vX� � � hTh �3��ms�lv �vX� vTv�v_G v�v vX� 2 ��bTv4242�ms�lv �
cD;=, BK,#<
F�H@HJCT! ,VS�C�>XHJ.<#�> . �Y�yEMce,R.U#���,$.<;=,8H<#�!$,RF�>=F .<F�#�qdN=#�.<#{#THI7A,\EtC�B<,�} i ��vT�I1 v=}�.K;=, >*.K;X,8HJCTqG?=.KF�C�> F�H#�qoHKC8.<;=,RHK#�! ,$#�H~7A,\EtCTBK,T} i ��|J��1 HKFG>D|'� �0H�#YS\C�>9S\B<,\.K, ,\%=#�! LXqG,T}-qG,�.$n H~.<#���, < 1 r��Ov=� +0C�c ;=C�c HK!R#�q�q N=Cce,�>=,�,ON8.<C .<#��T,@	QFG>�C�BUNP, Bd.<CR��,�.0#�>Y,�B<BKCTBd.<;X#�.�F�H:�Ov � ��<�E�F�>XS�,:.K;=,I+PzKm ���=���O�eNP,�LA,�>9N=H6CT>=qG�8C�>Y.K;=,:.<BK?X,HKC�q�?P.KF�C�> i �t|J�\}�cD;=F�SU;8F�Hd?=>XSU;X#�>=��,ON$EtB<C�!ams%=#�!$L=q�, �X� �P}Tce,0!$F���; .d;XC�LA,6.K;9#�.Mcd,~S\C�?Xq�NR?9HJ,0.K;=,:HK#�!$,~	R#TH�F�>.K;9#�.�,�%=#�!$L=q�,�}-	Y1g� v � � �wE�C�q�p�FG>=�8.K;=,rL=B<C�7=q�,�! ?XHKFG>X� m ?XqG, B$n H6!$,\.<;=CPN{cDFG.K;�.<;=FoH6.<;=F�H:HJ.K, L�HJF >�,r>=C�cW��F�p�,OH�wv �K�<� 1 r6v=) GX� bX� b�2rcDFG.K; #�>�, BKB<C�B~� v �K�<� 1 vX)G�Ob=� �*�Ov ��� �w��,$#�B<,@#�� #�F�>�HK?XS�S�, H<H�Et?=q��~�l>�E�#�S\.�.<;=, ,�B<BKCTB6F�HS\CT>XHKF�NP, B<#�7=q�� HK!R#�q�qG, BdF�>R.K;XF�HMS�#THJ,0.K;X#�>8F�>R.K;X,�L=B<,�p�F�C�?XHd,\%=#�! LXqG,T}�EtCTBdB<, #THJCT>XHs.<;X#�.McDFGq�qk79,OS\CT! ,~S\q�, #�Bdqo#�.<,�BO�
��� ')��F��� � � @ ��+0C�c�S�C�>XHKF�N=,�B .K;X,DL=BKCT7=q�,�! ���=� h � cDFG.K;-<81 r h � vTv0#�>XNr.K;=,6H<#�!$,DN=#�.U#�#�H 7A,\EtCTBK,T���0�T#�F�>.K;X,:HKC�q�?P.<FGCT>VF�He?=>9SU;X#�>=�T, NQ#�>XNQHJCrF�Hd.K;X,:+PzKm0�$|d?=.e>=C�c�F E cd,~S\C�!$L=?=.K,:cDF .<;V.<;=,�HK#�! ,:HJ.K,�LYHJF >�,:#�Hd7A,\EtC�B<,�}	
1a�Ov � ��}scd,QC�7P.U#�F�>��wv �<�<� 1 r6vX) h G�p02 � � v����RcDFG.K;
#�>�,�B<B<C�BIC�E6!$#���>=FG.K?9NP,��Ov������ zM;=,YS\C�!$L=?=.<#�.<FGCT>7A,�;X#�pT, HeFG>�#�>�AJ?X>XH�.U#�7=q�,$Cr!R#�>=>X,�BO} cDFG.K;{#�>8,�B<B<C�Bd.K;X#�.6��B<C�c6H�,�%�LAC�>X,�> .KFo#�q�qG�RF�>Q.KF�! ,T��E�F�>XS\,~.K;X,�! ,�.K;=CPNQF�H>�, BKC��yHJ.<#�7=q�,I#�>XN + � i wK|J�DFoH�+_FGL9HKSU;=FG.D> S\CT>T.<FG>�?=CT?XH6F�> i �tcDFG.K;�+_FGL9HKSU;=FG.D> S\CT>XH�.U#�> . < 1 h � vTvT�'}9cd,r��>=C�c .K;X#�..K;X, !$,�.K;=CPN�FoH:S\CT> pT,�B<��, >T.O}A#�>XN�F�>XNP, , N�cDF .<; HK?V�VS\F�,�> .Kq���HK!$#�qGq .<FG!$,RH�.<,�LXH~ce,r#TSU;=FG, p�,rp�,�B<����C�CPN�B<, HK?=qG.<H �z #�7=q�,&�=���~HK;=C�c6Hd.K;=,:, BKB<C�BM#�.M.KF�!$,�3 1 h cD;=,�>Bm ?=q�,�B�n Hd!$,�.K;=CPNYF�HM?9HJ,ON8cDFG.K;Yp�#�B<FGCT?XHep�#�qG?X, HMC�Es	k��kdqG,O#�B<qG�HKC�!$,\.<;=FG>X�$N=B<#�!$#�.KFoS0;9#�L=LA,�>XH679,�.�cd, ,�>Q.K;=,�p�#�q�?=,OHM	R1�v=) v�vTv#� ��bI#�>9NY	R1�v=) v�v�v ��p h �_`XC�B6HK!$#�qGq�,�BMp�#�q�?=,OHMC�E	Qcd,:�T,\.Dp�, BK�V�TC�C�N8BK,OHJ?Xq .UHDcD;=,�B<, #THdEtC�BDqo#�B<��,�BMp�#�q�?=,OHMC�E 	8.<;=,�B<,:F�HD>XC$#TS�S�?=B<#TS\�RcD;X#�.<HKC�,�p�, B �zM;=,~,$o ?X#�.KF�C�>����=� h ��F�HD#rq�FG>=,O#�BM,$o ?X#�.KF�C�>QC�E-.<;=,~EtC�B<!2����� 2T�e#�>XN8HKC@.<;=,�#�>X#�qG�PHKF�HdC�E E�, S\.KF�C�>{��� 2=����#�LXL=qGF�, HNPF�BK,OS'.<qG�R.<C$.K;=FoHDL=B<C�7XqG, !Y�s`XBKCT!����P� ���ecd,�HK,�,~.K;X#�.D.K;=,��TqGCT7X#�qk, BKB<C�BD� - HK#�.KFoH��9, He.K;X,�BK,OS\?=BUHJF�C�>QBK, q�#�.KF�C�>� -4/ � 1 �J�e��	'<9�J� - r 	P - ���X� 2 �cD;=, BK,~.K;X,�qGCPS�#�q ,�B<BKCTBM - 1n-�t| - �dEtBKCT!����X�G���'� zM;=,�,�%�LXBK,OHKHKFGCT>����=� 2T�eB<,�p�,O#�qoH .<;=,IHKC�?=BUS\,:C�E .K;X,�,\%PL9CT>=,�> .<F�#�q��B<C�cM.K;�F�>�.K;=,r,�B<BKCTB � F�>�, #TSU;Y.KF�! , H�.<,�L�.<;=,@L=B<,�p�F�C�?XH6,�B<BKCTBDF�H0!@?=qG.KF�L=q�FG,ON{7��Y# E�#TS'.KCTBr�J�e� 	'<9�\�6`=CTB6.K;X,S�#THJ, <�1[r h � vTv$#�>XN�	Y1 � v � ��}Ace,I;X#�p�,R�M�4	'<{1�r���)��I#�>XN{HKCVce,I,\%PLA, S\.0.K;X,@q�C�S #�q�,�B<BKCTB6FG> .<BKCPNP?XS�, N�F�>HJ.K,�L ; .KC���B<C�c
7�� #~E�#�S'.<C�B C�E ��r���)��O� - ��� 7��r.K;=,D, >XN$C�E�q�H�.<,�LXH0�tB<, S�#�qGq������ �T�K�'� �DE�.<,�B h v�vTv�HJ.K, LXH ce,D,\%PLA, S\..K;X,6.KB<?=>XS #�.<FGCT> , BKB<C�B�FG> .KB<CPNP?XS�, N$F�>$.K;=,0�XB<HJ.dHJ.K, LR.KCI;9#�p�,D��B<C�cD>$7�� #~E�#TS'.KCTB�C�EkB<C�?X��;=q��Q�Sr���)��O��v �<�K� f � v��Dv�}cD;=FoSU;�F�HDS�C�>XHKF�HJ.K, > .McDFG.K;Y.<;=,�,�B<BKCTBD#�S'.<?X#�q�q��8HJ, ,�>-�+6C�.K, .K;9#�.IF�>�m %=#�!$L=q�, �X� �QcDFG.K; <�1sr�� vX}-ce, ;9#�p�,Y�D��	'<*1 v=) �#�X}_S�#�?XHJF�>=��#�-����b0�9 FG> .<;=,R,Kxk, S\.IC�EL=B<,�p�F�C�?XHD, BKB<C�BUHMF�>�, #TSU;�HJ.K, L-�6zM;=FoH0,�%PL=q�#�FG>9HDcD;��Qce,I��C�.�#RB<, #THJCT>X#�7=q�,:BK,OHJ?Xq .0F�>�ms%=#�! LXqG, �X� �R#�>XN�F�>{E�#�S\.# 79,�.J.<,�B6B<, HK?=qG.e.<;X#�>�F�> ms%=#�!$L=q�,&�=� ��}PcD;=, BK,$�d��	'<81 ���� ,�.K?=B<>=F�>=�{.KC�.K;=,YS�#THJ, < 1 r h �Ov�vX}�ce,V,\%PLA, S\.r.<C�C�7XHK,�B<p�,R,�%PL9CT>=,�> .KFo#�qe��B<C�cM.K; F�>*.K;X,Q, BKB<C�B�EtCTBr#�> �p�#�q�?=,~C�E 	V��B<, #�.<,�Bd.K;X#�> h 5 h �Ov�v:1nvX) vTv�v#��p h 23�=}�HKF�>XS\,�EtC�BM#�>��8	Rqo#�B<��, B .<;X#�>8.K;=FoHMcd,�;X#�p�, ^ � � 	'< ^ , ���s`=CTBHK!$#�qGq�,�Be.<FG!$,IHJ.K,�L9H ^ ����	'< ^V= �:#�>XN8.K;X,�,Kxk, S'.6C�E�,O#�SU;8q�CPS�#�q ,�B<BKCTBeNP,OS�#��PHe,\%PLAC�>=, >T.<F�#�qGq��VcDFG.K;Q.KF�!$,�B<#�.K;=, B.K;9#�>��TBKC�cDF�>=�X�6zM;XF�H�,\%PL=qo#�F�>XHD.<;=,rN=B<#�!$#�.KFoS@SU;X#�>=��,�F�>{.<;=,r7A,�;9#�p F�C�B0C�Es.K;X,r, BKB<C�BM.<;X#�.:cd,rHJ, ,r#�H0cd, S\B<CTH<H.K;X,�p�#�qG?X,�	R1�v=) v�vTv#��pIFG>{z #�7=q�,&�=�����+6C�.K,:.<;X#�.�.K;=,I,�%PL9CT>=,�> .KFo#�q_��B<C�cM.K;�C�Es,�B<B<C�BUHeN=C ,OH6>=C�.�S\CT> .KBU#�NPFoS'.K>�, BKC��yHJ.<#�7=F�qGFG.��VC�B�S\C�>�pT,�B<��,�>9S\,:C�E .K;X,!$,\.<;=CPNQF�>{#�>��VcM#����szM;=,:!$,\.<;=CPNYN=C ,OH6S\CT>�p�,�B<��,~#�H6	 � vX� �l>YE�#TS'.D.K;X,�79CT?=>XN ���P�G� h �'}
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��� ')��F���f� � � � �n` FG�T?=B<, H �=� h #�>XN��=� 2�HK;=C�cg.<;=,{H�.U#�7=F�qGFG.���B<,��TFGCT>XHIEtCTB$.K;=, �O�lH�.<,�LO�0N=#�!$HJ��|e#THJ;=EtC�BK.K;#�>9N ��N=#�!RHJ� }{CT?=qG.KC�>Q!$,\.K;XC�NXHeEtC�BDp�#�B<FGCT?XHdp�#�qG?X, HMC�E ��� `=C�B6#�> �O�lH�.<,�L�!$,\.K;XC�N8.K;X,�L9CTqG��>=CT! Fo#�q � �	� �����e;X#THNP, ��B<,�,���#�>XNr.K;X,�B<,0#�B<,��~B<C�C�.UH����0,�.K,�B<!$FG>XFG>=�I.K;=,6p�#�qG?=,OHsC�E �:EtCTB cD;=FoSU;$.K;=,6B<C�C�.�S�C�>XNPFG.KF�C�>$FoH H<#�.KFoHJ�X, N$NPC�, H>=C�.d#�L=LA, #�BdHKFG!$L=q�,��F@6C�ce,�pT,�BO}�.K;X,�B<,6F�He#�>R, qG, �T#�>T.s.<, SU;=>XF o ?=,0S #�q�qG,ON .K;=, 2���#$��-�0��/9�69�.��#*,3*;�
.����y-M.<;X#�.d!$#���,OHFG.dHJF�!$L=q�,6.KCIN=,\.K, BK!$F�>=,D.<;=,0B<,��TFGCT>XHsHJ;XC�cD> F�>R.<;=,D�X�T?=BK,OH�� zM;=FoH FoHs7=B<FG,��X�$NP, H<S\B<FG7A, N$F�>$.K;X,6>=,\%�.MHJ,OS'.KF�C�>{��HJ, ,#�qoHKC$+�#�!r79, BJ.�u +�#�!8� 2Oxy}�EtC�BD,�%P#�!$L=qG,��'�



��������� ��%&����(��
	 �� V�����!��������� � �$��� @��

��#T� −3 −2 −1 0 1
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
Forward Euler

�t79� −1 0 1 2 3
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
Backward Euler

��S � −2 −1 0 1 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
Trapezoidal

��NX� −2 −1 0 1 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
Midpoint

` FG�T?=B<,]�X�G� � E .U#�7=F�q�F .��VB<,��TFGCT>XH�EtC�B:��#T��m�?=qG, B � F�> .K, BKF�C�BeC�E S\F�B<S�qG,T}k��79� |M#�SU��ce#�B<N m�?=q�,�BO} � ,�% .<,�B<FGCTBdC�E S�FGBUS\q�,��SO�Mz_BU#�LA,5> C�FoN=#�q?� q�,\E�.6;9#�qGE L=qo#�>X,�}X#�>XN���NX�u}{FoNPLAC�F�>T. � HJ, ��!$,�> .DC�>YFG!R#���F�>X#�B<�V#�%PFoH��
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Stability region of Adams−Bashforth 2−step method
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Stability region of Adams−Bashforth 3−step method
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Stability region of Adams−Bashforth 4−step method
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Stability region of Adams−Bashforth 5−step method

` FG�T?=B<, �=� h � E .<#�7=F�qGFG.��QB<,��TFGCT>XHMEtCTB�HKC�!$, �0NX#�!RH���|M#�HK;PEtC�BK.K;�!$,\.<;=CPN=H �0zM;=,@, >XS\q�CTHK, N�B<,��TFGCT> 6 ?XH�.�.KCR.<;=,@q�,\E�.C�E .<;=,IC�B<F���F�>QFoHM.K;X,IBK, ��F�C�>�C�Es#�79HJCTqG?P.<,IH�.U#�7=F�q�F .��T��E�, , E�, S\.KF�C�>��X� G$EtCTB0#RNPFoHKS�?XHKHKF�C�>�C�E .K;=,@C�.K;X,�B6q�C�C�LXH6HK,�, >F�>�HKC�!$,~�X�T?=BK,OH��
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Stability region of Adams−Moulton 2−step method
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Stability region of Adams−Moulton 3−step method
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Stability region of Adams−Moulton 4−step method
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Stability region of Adams−Moulton 5−step method

` FG�T?=B<, �=� 2 � E�.<#�7XFGq�F .��QBK, ��F�C�>XHDEtC�B0HKC�!$, �0NX#�!RH���}{CT?=q .<C�>�!$,\.<;=CPN=H��DzM;=,rH�.U#�7=F�qGFG.��8B<,��TFGCT>�F�HDF�> .K, BKF�C�BD.<CR.K;X,S\?XBKpT, H �
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3 RTS � vJV�� X n�jJw�_kWqe ��X	78nJ[  Vu]YvJX
w

�nLAC�F�> . ��� k�FoHdFG>R.<;=,:H�.U#�7=F�qGFG.�� BK, ��F�C�>���C�E_#�q�FG>=,O#�Bd!@?=qG.KFoH�.<,�LQ! ,�.K;=CPN8F E .<;=,�HJ.<#�7=FGq�FG.�� LAC�q���>=C�!$Fo#�q � �
�������H<#�.KFoHJ�X, H0.K;=,rBKC�C�.~S\CT>XNPFG.KF�C�>{EtCTB0.<;=FoH�p�#�qG?=,rC�E�� ��HK,�, kd;X#�LP.<,�Bw�T�\���y.~EtC�q�qGC�c6H6.K;X#�.~FGE �QF�H�C�>�.K;=, 79CT?=>XN=#�BK�C�E�.K;=,RHJ.<#�7XFGq�F .��{B<,��TFGCT>�.K;=, > � �	� � � ��!@?9H�.:;X#�p�, #�.:qG,O#�HJ.~CT>=, BKC�C�.�� � cDFG.K; !R#���>XF .<?XNP, ,\%=#�S\.Kq��{,$o ?X#�q�.KC ���@6, >XS\,�� � FoHMC�E .K;=,:EtCTBK!
� � 1 � ���EtC�BDHKC�!$,:p�#�q�?=,�C�E	�$F�>8.<;=,:FG> .K, BKp�#�q u v=w h � x��:E�C�B<BK� EtCTBM.K;=,~.�ceC NPF9xk,�B<,�> .D?XHJ,OHMC�E � � � E�F�>XS\, � � F�HD# B<C�C�.MC�E � }ce,~;9#�p�,

� � � �
� ����� 1 vEtC�BM.<;=FoHDLX#�BK.KFoS\?Xq�#�BMS�C�!r7=FG>9#�.KF�C�>YC�E �R#�>9N��=� � , S�#�qGq�F�>=� .K;=,INP,��X>=FG.KF�C�>�C�E � }P.<;=F�H6��F�p�, H
� � � ��� �Fr�� �s� � �
� ��1 v#�>9N8;=, >XS\,

�@1 � � � ��� �
�s� � �
� � )�yE cd,:��>=C�c�� .<;=,�>�ce,:S #�>Y�X>XN � EtB<C�!g.<;=FoH��E�F�>XS\,~,�pT,�B<�$L9CTFG> . �@CT>V.K;X,�7AC�?=>9N=#�B<�RC�E� !@?XHJ.D79,~C�E_.K;=FoHdEtC�B<! EtC�BDHJCT!$,0p�#�q�?=,~C�E�� FG> u vXw h � x�}�ce,�S�#�>HKFG!$L=q��8L=q�C�.M.<;=,�LX#�BU#�!$,�.KB<F?> , NYS\?=B<p�,

��9���T��� � � � ��� �
�s� � �
� � ���X� pT�

EtC�B:v � � � h � .KCQ�X>XN�.K;=, qGCPS�?XH~C�E�#�q�q L9CTFG> .UH�cD;XF�SU; #�B<,C7��_. ���!.:4�0�676}9rCT>{.K;=,$7AC�?=>9N=#�B<��C�E��0�I`XC�B:HJF�!$L=q�,!$,\.<;=CPN=HM.K;XF�HD��F�,�qoN=He.K;X,�BK, ��F�C�>���N=FGB<, S\.Kq����
��� ')��F��� � � � � �d`XC�B m�?=qG, B$n He!$,\.K;XC�N�ce,:;X#�p�, � �
���d1��wr ��#�>XN �s�
�T�d1 ��}=#�>XNQHKC

��X��� ��1 � ��� r ��)zM;=FoHMEt?=>XS\.KF�C�>�!R#�LXH�u v=w h � x .<Cr.<;=,�?=>=FG.�S�FGBUS\q�,�S\,�> .<,�B<, NY#�.
�r1 r��T}PcD;=FoSU;YFoHM,\%=#TS\qG.��R.K;=,�7AC�?X>XN=#�B<�RC�E��0�z�CrNP,�.K,�B<!$FG>X,�cD;=FoSU;8HKF�N=,�C�E .K;=FoHMS\?=B<p�,�F�Hd.K;X,�4,� . ���/4(��� C�E�0}Pce,0>=, , N8C�>=q��$,�p�#�q�?X#�.<,6.<;=,�B<C�C�.UH�C�E � �
�������#�.6HKC�!$,:B<#�>XNPCT!gL9CTFG> . � C�>YC�>=,�HKF�N=,~CTBe.K;=,�C�.K;=, B6#�>XNYHJ, ,:F E�.K;=,�LAC�q���>=C�!$Fo#�q-H<#�.KFoHJ�X, Hd.K;X,�BKC�C�.DS\CT>XNPFG.KF�C�>-�`=CTB�,\%=#�!$L=q�,�}�#�.:.K;=,RS�,�> .K, B�C�E�.<;=,VS\F�BUS\q�, �{1 �$cd,$;X#�pT, � �	� � �O�:1sr�QcDF .<; B<C�C�. � � 1 v=� E�C � H<#�.<F�HJ�X,OH.K;X,RBKC�C�.IS�C�>XNPFG.KF�C�> ;=, BK,R#�>XN�.K;=FoH�LAC�F�>T.I!r?XHJ.I79,RF�> .K;=,VF�> .K, BKF�C�BO�$�y.�EtC�q�qGC�c6H:,O#�HKFGq��{.K;9#�.@#�q�q C�.K;=, B�L9CTFG> .<HF�>XHJFoNP,�.<;=,rS�?=B<p�,�!@?9H�.�#�q�HKCR7A,IFG>�.K;=,IF�> .K, BKF�C�B6C�E��0}AHKF�>XS\,�.<;=,@B<C�C�.UH6#�B<,IS\CT>T.<FG>�?=CT?XHMEt?=>9S'.KF�C�>9H6C�E �Q#�>XN{HKC#�H�cd,0p�#�BK� �I#�B<C�C�.dS #�>RLAC�.<,�> .KFo#�q�qG� !$C�p�,6CT?P.<HKFoNP,D.K;X,0?=>=FG.eS�FGBUS\q�,6CT>=qG� cD;=, >Vcd,�S\B<CTH<H .K;=,�79CT?=>XN=#�BK�rqGCPS�?XH��kd;=,OSU� F�>=��.<;=,0B<C�C�.UH #�.M#�B<#�>XNPCT! LAC�F�>T.eC�?P.UHJFoNP,D.<;=,�S�FGBUS\q�,0HK;=C�c6Hs.<;X#�.�.K;=,OHJ,�L9CTFG> .<Hd!@?9H�.�7A,0,�%�.K,�B<F�C�Bs.<CI.K;X,HJ.<#�7XFGq�F .��8BK, ��F�C�>-�`=CTB0HKC�!$,I!$,\.<;=CPN=H6.<;=,I7AC�?=>9N=#�B<�Qq�CPS\?XH0!R#��YS�BKC HKHDFG.<HK,�qGE��D�l>{.<;=F�H�S�#THJ,Ice,�.���L=FoS�#�qGq��8�9>XNY.K;X#�.~#�.0!$CTHJ.C�>X,RC�E�.<;=,VB<,��TFGCT>XH:S\?P.ICT?P.IC�Ee.K;=,RLXq�#�>=,VS\CTBKB<, HKL9CT>XN=H�.KC�.<;=,VHJ.<#�7XFGq�F .���BK, ��F�C�>-� � ,8S�#�> N=,\.K, BK!$F�>=,RcD;=FoSU;B<,���F�C�>QF�H��47��V, p�#�q�?X#�.<FG>=� .<;=,�BKC�C�.<HD#�.6HKC�!$,�S\CT> pT,�>=F�,�> .DLAC�F�>T. � cDFG.K;=F�>{, #TSU;QB<,��TFGCT>-�
��� ')��F���B� � ��� ��zM;=, p��lHJ.K,�Ll�0N=#�!RH���|M#�HK;PEtC�BK.K;V!$,�.K;=CPNQ��F�p�, Hd.<;=,:79CT?=>XN=#�BK�$q�C�S�?XHDHK,�,�>QFG>�` FG�T?=B<,]�X� G9�zM;=, >�?=!@7A,�BUH�vX}s��} h F�>�.K;=,$NPF9xA, BK, >T.:B<,���F�C�>9H6F�>XNPFoS�#�.<,r;XC�c !$#�>��{BKC�C�.UH0#�BK,rC�?P.UHJFoNP, C�E .<;=,r?X>=F .IS�FGBUS\q�,@F�>, #TSU;QB<,��TFGCT>-}=#�H0NP,\.<,�B<! F�>=,ONQ7��8.K, HJ.KF�>=�$.<;=,IB<C C�.<HD#�.0#$B<#�>XNPC�! L9CTFG> .6F�>{, #�SU;YB<,���F�C�>_� zM;=,IH�.U#�7=F�q�F .��QBK, ��F�C�>FoH�.<;=,�HJ!R#�qGq HK,�!$F�S�FGBUS\?Xq�#�BdB<,��TFGCT>R.KC .K;X,�q�,\E�.DC�E�.K;=,:CTBKF���F�>VcD;=, BK,:#�q�qkBKC�C�.UHd#�BK,~F�>XHJFoNP,�.K;=,:?=>XF .6S\F�BUS\q�,�� �0Hece,S\B<CTH<HM.<;=,I7AC�?=>XNX#�B<�QC�E .<;=FoH0B<,��TFGCT>YCT>=,IB<C�C�.6!$C�p�,OHDC�?P.UHJFoNP,T� �0H6ce,@S�BKC HKHM.<;=,@7AC�?X>XN=#�B<�8q�CPS\?XH0FG> .<CVC�>=,@C�E.K;X,�BK, ��F�C�>XHe!R#�B<��,ON A h C=}=#�>=C�.<;=,�BMB<C C�.D! C�pT, HeC�?=.<HKF�NP,I#�>XN8.K;=,�!$,\.<;=CPNYF�H6HJ.KF�q�q-?=>XHJ.<#�7=qG,:F�>Y.K;=,OHJ,�B<,��TFGCT>XH��

��� ������� ����� � �� -30�7�. .���� 4(-��b0~�10 .���� 2���#$�f-306�/9l6 �.��#*,)*;�
.����y-l.���-��5. ���p*�4,�f� .���� ,/.10325476847.�9J� � �34(��� �T0�.����;���,/. 0.�&�k!"#$�%�&���(')#V.�.10+*;�
.����y- 0�� ��* 2Y4*06*87�69�
:6<,=&>�<���_. � .��'0_.�.,�V4 , 4 , 0�68,K� .���� ,/. 0�2
476}47.�9/� � �_4(�6���10 .�����,��������f-
���G-���� �!0_9�69��� ,K���/4(�
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Stability region of Adams−Bashforth 5−step method

0

1

2

2

` FG�T?=B<,]�X� G � |eCT?=>XN=#�BK�Rq�CPS\?XHeEtCTBd.<;=, p��lH�.<,�LB�0N=#�!RH���|M#�HK;PEtC�BK.K;V!$,�.K;=CPN ��zM;X,~>�?=!r79, B<HeF�>XNPFoS�#�.K,:;=C�c�!R#�> �B<C C�.<HD#�BK,~C�?P.UHJFoNP,�C�E_.K;X,�?=>=FG.0S\F�B<S�qG,:F�>Y,O#�SU;YBK, ��F�C�>-�szM;=,:B<,��TFGCT>Q!R#�B<��,ON A<v3CrF�HM.<;=,IHJ.<#�7XFGq�F .��8BK, ��F�C�>-�
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3 R�� �
e [^]`V"lt[ Xh V�� nJ_ ]qc�X)jJ[

�l>r.K;=FoH HJ,OS'.KF�C�>rcd,ecDF�qGqPq�C�C���#�.s;=C�c .<;=,DH�.U#�7=F�qGFG.��:.K;X,�C�B<�IS�#�BKB<F�, H-C�pT,�B�.KC:HJ�PHJ.K, !$H C�E ; NPF9xA, BK, >T.<F�#�q�,$o ?X#�.<FGCT>XH �� ,IcDFGq�q�HK,�,:.<;X#�.DEtCTB0#$q�FG>=,O#�B0HK�PH�.<,�! i j 1 t i ����}=cD;X,�B<, t F�H�#�> ; � ; !R#�.KB<F % }=FG.0FoHM.K;=,@,�F���,�>�p�#�q�?=,OHMC�Et .K;9#�.I#�B<,rF�!$L9CTBJ.U#�> .I#�>XN�ce, >X,�, N 	'< F�>�.K;=,VHJ.<#�7=FGq�FG.���BK, ��F�C�>�EtC�B:, #TSU;�, FG�T,�>�p�#�q�?=, <*C�E�t@�R`=C�B:�T,�>=, B<#�q>=CT>=qGF�>=,O#�B$HJ�PHJ.K,�!RH i j01 + � i �'}�.K;=,Q.K;=, C�B<� F�H !$C�B<,YS�C�!$L=q�F�S #�.<, N }s7=?=.R#���C�CPN*B<?=q�,QC�E6.K;�?=!r7
FoH@.<;X#�.8	'<HK;=C�?=qoN{7A,rF�>{.<;=, HJ.<#�7=F�q .���B<,���F�C�>YEtCTB�,O#�SU;�, FG�T,�>�p�#�q�?=,�<�C�Es.<;=, � #�S�C�7=Fo#�>{!R#�.<BKFG% + j � i �\� |e,�EtC�B<,@NPFoHKS�?XHKHKF�>=�.K;XF�H .<;=,�CTBK�T}�ce,QcDF�qGqDB<,�p�F�,�cg.<;=,�.K;X,�C�B<�*C�E:SU;=,�!$FoS�#�qe��F�>=,\.<F�S H�}e#��X,�qoN
cD;X,�B<,8.<;=,�HJCTqG?=.KF�C�>
C�E~HK�PH�.<,�!RH C�EC�BUNPF�>X#�B<�VNPF9xA, BK, > .KFo#�q ,$o ?X#�.KF�C�>XHMFoHMp�, BK�8FG!$LAC�BK.<#�> .O�
� H��KHT� �5% N�#[U���R P	� UDX N�T'U���Z+-,�. tI}�
8w�~w�) )�)DB<,�L=B<, HK,�> .DSU;=,�!$FoS�#�q-S\C�!$LAC�?=>9N=HD#�>XN�S�C�>XHKF�N=,�BD# BK,O#�S'.<FGCT>QC�E_.<;=,:EtC�B<!

t����� 
zM;=FoH0B<,�LXBK,OHJ, >T.UH�#8BK,O#�S\.KF�C�>{F�>�cD;=FoSU;�t F�H0.KBU#�>XHJEtC�B<!$, N{F�> .KC�
 cDFG.K;�B<#�.K,�� � ,Wv=�~�yE�ce,@q�,\. i � BK, L=B<, HK,�> ..K;X,IS\C�>9S\,�> .<B<#�.KF�C�>YC�E t #�>XN i v BK, L=BK,OHJ, > .e.<;=,IS\CT>XS\, > .KBU#�.KF�C�>YC�E�
 �tC�E�.K, >�NP,�>=C�.K,ONQ7�� i � 1 u t6x�w i v 1 u 
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��#�HMce,~;X#�p�,~HJ, ,�>8F�>Bms%=#�!$L=q�,r�Ov=���O�\},�pT,�>$.<;=C�?=�T;$EtC�Be#IHKS #�qo#�B LXBKCT7=qG, ! .<;=,�HJ.KF9xk>=, H<H�BU#�.<FGC�FoHe#�q�ce#��PHM�0HKFG>9S\,6.<;=,�B<,6FoH CT>=qG�$CT>=,6,�F���, >�p�#�qG?X,�� zM;=,�B<,S�#�>�H�.<FGq�qe79,Q! CTBK,V.K;X#�>�C�>=,V.KF�! ,YHKS #�q�,VL=B<, HK,�> . �{�l> ��� vX�G���~.K;X,VE�#�HJ.I.<FG!$,QH<S�#�qG,8F�H NP,\.<,�B<!$FG>=,ON 7�� <_} .K;X,,�F���, >�p�#�qG?X,�}�#�>XN�.K;=,8HKq�C�c .KF�!$,VHKS #�q�,RF�H@NP,\.<,�B<! F�>=,ON�7���.K;=,RF�>=;=CT! CT��, >=,�CT?XH�.K,�B<!aHKF�>_�t|J�\�Q`=CTB@HK��HJ.K, !RH:C�E,$o ?X#�.KF�C�>XH6.K;=, BK,@!$#��Y#�qoHJC879, #�N=NPFG.KF�C�>9#�q .<FG!$,rH<S�#�qG,OH0#�BKFoHJF�>=�$EtB<C�!"FG>X;=C�!$C��T,�>=, C�?XHDEtC�BUS\F�>=�$.K, BK!RH6CTB0C�.K;=, B.KF�!$,\�lNP,�LA,�>9NP,�> .0S\C�,5�RS�FG, > .<HM.<;X#�.6#�B<,�NPFoH�.<FG>XS\.DEtBKCT! .<;=,IHKS #�q�, HeF�! LACTHK, NY7��R.<;=,�,�F���, > p�#�qG?=,OH���y._FoH�#�q�HKCDF�! LAC�BK.<#�> .-.KC6>XC�.K, .K;X#�. #6HK�PH�.<,�! C�E\z]� mdH-cD;=FoSU;�;X#TH_#Dqo#�B<��,&A<H�.<F{xk>=, H<H-BU#�.<FGC�CMF�H_>=C�. >=, S�, H<HK#�BKF�q��HJ.KF9x "��yED.K;=,Q,�F���, > p�#�qG?=,8cDF .<;�q�#�BK�T,V#�!$L=q�F .<?XNP,YqGF�, HrS\q�CTHK,R.KC�.K;=,QFG!R#���F�>X#�B<��#�%�FoH }_.<;=,�>�F . qG,O#�N=HI.KC�;=F���;XqG�CTH<S\F�q�q�#�.KC�B<��7A,�;9#�p F�C�BrFG>�.K;=,�HJCTqG?=.KF�C�>�BU#�.<;=,�B@.K;X#�>�B<#�L=FoN�N=#�!$L=F�>=�9���yED.K;X,YHKC�q�?P.KF�C�>
F�HrB<#�L=FoNPqG� CTH<S\F�q�q�#�.KF�>=�.K;X,�>nFG.8cDF�qGq�L=BKCT7X#�7XqG��79,�>=, S�, H<HK#�BK�*.<C*.<#���,�HK!R#�q�q6.KF�!$,�HJ.K,�L9HREtC�BY#�S S\?=BU#�S���BK,O#�HKC�>XHR#�>XN � ����� !$#�� 7A,B<C�?=�T;=qG�$.<;=,IH<#�!$,:!$#���>=FG.K?9NP,I#�H � 	�� �� , p�, >8EtCTBD,\%PL=q�F�S�F .6!$,\.<;=CPN=H �` FG>9#�q�qG�T}T>=C�.K,�.K;X#�.e#@LX#�BK.KFoS\?=qo#�BeL=B<C�7=q�,�! !R#��$79,:H�.<F{x{C�pT,�BdHKC�!$,D.<FG!$,~FG> .<,�B<p�#�q�He#�>9NR>=C�>9H�.<F{x{,�qoHK,�cD;=, BK,T��l>�L9#�BK.KFoS\?=qo#�BO}kF Eecd,$#�B<,rS�C�!$L=?P.<FG>=��#YHJCTqG?P.<FGCT>{.K;9#�.�;X#�H:#8B<#�L=F�N�.KBU#�>XHKF�,�> . } HK?XSU;�#TH0.<;=, � F�>=,�.KFoS�H:L=B<C�7=q�,�!HK;=C�cD>�F�>�` FG�T?=B<,8� vX� 29��# �'}A.K;=, >�.<;=,rLXBKCT7=qG, ! F�H�>=C�.:HJ.KF9x�C�p�, B6.K;X,rF�>=FG.KFo#�q .KBU#�>XHKF�,�> .�LA,�B<FGCPN�cD;=,�B<,I.<;=,@.<BK?X,HKC�q�?P.KF�C�>�F�H:#�H~BU#�L=FoNPq��{p�#�B<� F�>=�Y#�H~>=, #�BK7��{HKC�q�?P.KF�C�> S\?=B<p�,OH��)z�>=q���EtC�B~.<FG!$, H:�TBK,O#�.<,�B�.K;X#�>
� v � �rC�B�HKCQNPC�, H.K;X,�L=BKCT7=q�,�! 7A, S�C�!$,IH�.<F{x }=CT>XS\,~.K;X,INP, HKFGB<, NYHKC�q�?P.KF�C�>�S\?=B<p�,:FoHM!@?XSU;{HK!$C C�.K;=, Be.K;X#�>Y>X, #�B<7��VS\?=B<p�,OH��`=CTBM.K;=,@L=BKCT7=q�,�! HK;=C�cD>YFG>�` F���?=B<,$� vX� 29�t79�\}P.K;=, BK,�FoH6#�>=C�.<;=,�BD.<FG!$,�F�> .K,�B<p�#�q 6 ?9H�.�#�E�.K, B6|�1 ��C�pT,�BMcD;=FoSU;.K;X,6L=B<C�7=q�,�! F�H #��T#�FG> >=C�.eH�.<F{x�HJF�>XS\,M.<;=,0HKC�q�?P.KF�C�>R#��T#�F�> ,\%P;=F�7=F .UH BU#�L=FoN@.KBU#�>XHKFG, > . 79, ;X#�p�FGCTB #�>XN$#�HK!$#�qGqX.KF�!$,HJ.K,�L�ceC�?=qoNQ79,�>=, , NP,ONYC�>Q.K;=,�7X#THJFoHMC�E #�S S\?=BU#�S��VS\C�>9HJFoNP,�BU#�.<FGCT>XH �
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z�p�, Be.KF�! ,@FG> .K, BKp�#�q�HMcD;=, BK,�#$L=B<C�7XqG, ! F�H0H�.<F{x }Xce,:cdCT?=q�NYq�FG�T,~.KCR?XHK,I# > ?X! , BKFoS�#�q !$,\.K;XC�NQ.<;X#�.0;9#�HD# q�#�BK�T,B<,���F�C�>
C�E�#�7XHJCTqG?=.K,�H�.U#�7=F�qGFG.���}�,\%�.K, >XNPF�>=��E�#�B$FG> .KC�.K;X,Qq�,\E�.K��;X#�q E~L=qo#�>=,T��zM;=,�L=BKCT7=q�,�! cDF .<; #�!$,\.<;=CPN�q�FG�T,m ?XqG, B$n H0!$,�.K;=CPN }-cDFG.K; #YH�.U#�7=F�qGFG.��{B<,���F�C�>�.<;X#�.�CT>=qG�{,�%�.K,�>9N=H~C�?P.~.KC � ,T�:<9�:1 r h } FoH0.<;X#�.~.K;X,r.<FG!$,RHJ.K,�L �FoH�HK,�pT,�B<,�q��8q�FG!$FG.K, N�7 �Q.K;X,@,�F���, >�p�#�qG?X,IcDF .<;�qo#�B<��, HJ.0!R#��T>=FG.K?XNP,T}A#�>XN�ce,I>=,�,ON�.KC8.<#���, � f h 5 ^ <�� ��� ^ � z�p�, B.KF�!$,:FG> .K, BKp�#�q�HecD;=, BK,�.K;=FoHeE�#�HJ.K,OH�.e.KF�!$,�HKS #�q�,~NPC�,OHd>XC�.6#�L=LA, #�BdF�>Q.K;=,�HKC�q�?P.KF�C�>-}�ce,�ceC�?Xq�N8qGF���,~.KC 7A,:#�7=q�,0.<C.<#���,�!r?XSU;{q�#�BK�T,�BM.<FG!$,@HJ.K, LXH��M`=CTB0,�%P#�!$L=qG,T}=F�>{.K;=,@L=BKCT7=q�,�!RH6HK;=C�cD>�FG>�` F���?=B<,R� vX� 2X}=cD;=,�B<, � � 1 � v���}Xce,ceC�?=qoNY>=,�,ONY.KCR.U#���, � f h � � v � �:cDF .<;�m ?=q�,�B�n HD!$,\.K;XC�N-}9B<,$o ?=F�BKF�>=� GR!$F�qGq�FGCT>�.KF�!$,@H�.<,�LXH6.KC8S�C�!$L=?P.<,IC�p�, B.K;X,:.KF�! ,�F�> .K, BKp�#�q-HK;=C�cD>YFG>Y.<;=,I` FG�T?=BK,T}P,�pT,�>Q.K;=CT?=��;Q.K;=,IHKC�q�?P.<FGCT>QFoHDp�, BK�VHK!$C�C�.K;�C�pT,�Be! C H�.6C�E_.<;=F�HD.KF�! ,T��6>�#�>9#�q���HKFoH�C�E�H�.U#�7=F�q�F .��VB<,��TFGCT>XHeHJ;=C�c6H�.K;9#�.M.K;=, BK,�#�BK,�7X#�HKF�S #�q�qG�$.�ceCrN=F{xk,�B<,�> .6S\qo#�H<HJ,OHeC�E�+ }~} n H � .K;XCTHK,EtC�B@cD;=F�SU; .<;=,8HJ.<#�7XFGq�F .���BK, ��F�C�> F�HI79CT?=>XNP,ON*#�>XN ,\%�.<,�>XN=H@NPF�HJ.<#�>XS\,8m$�J�O�~EtB<C�!�.K;=,8C�B<FG�TFG>-}�HJ?XSU;*#TH m ?=q�,�B�n H!$,\.<;=CPN } .K;=, }�F�NPLAC�F�> .@!$,\.<;=CPN } C�B@#�> ��C�EM.K;X,#�0N=#�!RHI!$,\.<;=CPN=H8��HJ, ,8` FG�T?=BK,-�X�G�V#�>XN*` FG�T?=B<,{� v=��p��\}�#�>XN.K;XCTHK,:EtC�B0cD;XF�SU;�.<;=,@HJ.<#�7XFGq�F .��QBK, ��F�C�>�FoH6?=>�7AC�?=>XN=, N }AHJ?XSU;�#TH8|M#�SU��cM#�BUN#m ?XqG, B6C�BD.<B<#�L9,$>�CTF�N=#�q�� kdq�, #�B<q��V.K;X,�XBUH�.6S�q�#THKHMC�E !$,\.<;=CPN=HD#�B<,:FG>9#�L=L=B<C�LXBKFo#�.<,0EtCTB6H�.<F{x�LXBKCT7=qG, !RH��
>6>=EtC�BK.K?=>X#�.K, qG�T}X#�q�q ,\%PL=q�F�S�F .�! ,�.K;=CPN=H6;X#�p�,~79CT?=>XNP,ON{H�.U#�7=F�q�F .��QBK, ��F�C�>XHM#�>9NQ;X,�>XS�,I#�B<,~F�>=,5�RS�FG, > .6C�>�H�.<F{xL=B<C�7=q�,�!RH ��E�CT! ,YF�! LXqGFoS\FG.V!$,\.K;XC�NXH #�q�HKC ;X#�p�,Q79CT?=>XNP,ON�HJ.<#�7=FGq�FG.��*BK, ��F�C�>XH }�HK?XSU;�#TH@.<;=, �0N=#�!RH���}{C�?Xq .<C�>!$,\.<;=CPN=H��

���KH:J�HT� � � Z�TVRF\ USPDU1T_^�y.~HK,�, !RH6q�FG�T,IF .~cdCT?=qoN�79,rC�LP.<FG!R#�q_.KCQ;X#�p�,I#R!$,�.K;=CPN{cD;=C HJ,rH�.U#�7=F�qGFG.��YBK, ��F�C�>{S\CT>T.U#�F�>XHD.<;=,@, > .KF�BK,Iq�,\E�.~;X#�qGEL=qo#�>=,T�szM;=,�>�#�>�� .KF�!$,:HJ.K, L8ceC�?=qoNV7A,�#�q�qGC�ce, N-}TL=B<C�p�F�N=, N$.<;X#�.6#�q�qA.K;=,~,�F���, >�p�#�qG?X, Hd;X#�p�,�>=,�� #�.KF�p�,�BK,O#�qkLX#�BJ.UH#�H6F�H�C�E�.<,�>�.K;X,rS�#THJ,�F�>{L=BU#�S\.KFoS\,��DzM;=,)|e#TSU��ce#�B<Nlm ?=q�,�B�#�>XN{z�B<#�L9,$>�CTF�N=#�q-!$,\.<;=CPN=H0;9#�p�,:.K;XF�H0L=BKCTL9, BJ.��T}=EtCTB,\%=#�! LXqG,T� � !$,\.<;=CPN�cDFG.K;�.K;=FoH~L=B<C�LA,�BK.��YFoH:HK#�F�N�.KCQ79, � � ,/.1032569���9>6>PEtCTBJ.<?=>X#�.<,�q���}-#V.K;=, C�B<,�! C�E���#�;=q o ?=FoHJ.HJ.<#�.<, Hd.K;9#�.6#�>�� �D�lH�.U#�7=q�,�+^}~}�F�HD#�.e!$C H�.DHJ,OS\CT>XNVCTB<NP, Be#TS�S�?=B<#�.K,T}�#�>XNVF�>QE�#�S'.e.K;X,:z�BU#�LA,5>�CTF�NX#�qA! ,�.K;=CPNQF�H.K;X,I�D�lHJ.<#�7XqG,d! ,�.K;=CPN@cDF .<;@HJ!R#�qGq�, HJ._.<BK?=>9S�#�.<FGCT>�,�B<BKCTBOu @6, >Xb h xy��@0FG�T;=,�B C�BUNP, BQ�D�lH�.U#�7=q�,�F�!$L=q�F�S�F . � ?=>=�T,\�	�:?P.J.U#!$,\.<;=CPN=H6NPC$,\%PFoH�.O}=7=?P.0#�BK,:!$C�B<,:NPF}�VS�?=q .0.KCR#�L=LXqG� u |d?=.�� �Ox��
���KH:J�H�L �C��Z3TVRF\ UDPSU�T_^
+6C�.KFoS\,6#�!R# 6 C�B NPF9xA, BK, >XS\,D7A,\.�ce,�, >$.K;=,6HJ.<#�7=F�qGFG.��rB<,��TFGCT>XH EtC�Bdz_BU#�LA,5> C�FoN=#�q=#�>XN+|e#TSU��ce#�B<N�m ?=q�,�B � .<;=,0z�B<#�L9,��>�CTF�NX#�q !$,\.<;=CPNQFoH6HJ.<#�7=qG,:CT>=qG�8FG>Y.K;X,�qG,�E�.0;X#�qGE�LXq�#�>=,�}=cD;X,�B<, #�Hu|M#�SU��cM#�BUN#m�?=qG, BMF�H6#�q�HKC$H�.U#�7=q�,�C�p�, Be!r?XSU;YC�E.K;X,�B<FG�T;T. ;X#�qGE=L=qo#�>=,T� � ,OS�#�qGqT.K;X#�._.<;=,dB<C�C�._C�EP.K;=,eH�.U#�7=F�q�F .��:LAC�q�� >XC�!$F�#�q�EtCTB |M#�SU��cM#�BUNwm ?=q�,�B�F�H � � 1 ���Vr � � ��� �zM;=FoHM#�L=L=B<CT#TSU;=, Hdv@#TH ^ � ^ � � FG>Y#�>��RNPFGB<, S\.KF�C�>QFG>8.K;=,:S\CT! LXqG,�%VL=q�#�>=,��szM;=,~LAC�F�>T.D#�.MF�>P�X>=FG.����tCT>V.K;X, � F�,\�!R#�>=>RHKL=;=, BK,T}�F�>$.K;=,0HK,�>9HJ,DC�EkS�C�!$L=q�,\% #�>X#�q��PHJFoHU� F�HsF�>$.K;X, 4,�!.��K�/4(�6� C�EA.K;=,0HJ.<#�7=F�qGFG.��@B<,��TFGCT>rEtCTBs.K;X,8|e#TSU��ce#�B<Nm ?XqG, BD! ,�.K;=CPN �`=CTBM.K;=,�z�B<#�L9,$>�CTF�N=#�q !$,\.K;XC�N-}=C�>Q.K;=,�C�.K;=, BD;X#�>9N }

� � 1 � � �v ��Kr �v � wcD;=FoSU;
#�LXL=BKC #�SU;=,OH$�8F�>�!$CPNP?=q�?XHr#TH ^ � ^ � � ���y. F�Hrq�, H<HI.<;X#�> �QFG>�!$CPNP?=q�?XHrFG>�.K;=,QqG,�E�. ;X#�q E6LXq�#�>=,V7=?P.��B<, #�.K, BD.K;X#�>��IF�>{.K;X,@B<FG�T;T.�;X#�qGE L=qo#�>=,T�0zM;=,@LAC�F�> .~#�.0FG>=�X>=FG.��YFoH�C�>�.K;X,@7AC�?=>XNX#�B<�QC�Es.K;=, H�.U#�7=F�qGFG.��YBK, ��F�C�>EtC�BM.<;=FoHD!$,\.K;XC�N-�`=CTB6# ��,�>X,�BU#�qkqGF�>=,O#�BD!@?Xq .<F�HJ.K, LY!$,�.K;=CPN }P.<;=,�B<C C�.<HMC�E_.K;X,IH�.U#�7=F�qGFG.��VLAC�q���>=C�!$Fo#�q
� �	� ����� 1 � �	���Fr����s�	���#�B<,~.K;=,IH<#�!$,�#�He.<;=,�B<C C�.<HeC�E �
� � �	� � � ��1 �

� � �
�T� r��s�
���#�>9N{HJ;=CT?=qoNQ7A,�;9#�p�,Iq�FG�T,:.K;=,@BKC�C�.UHDC�E �s�	����#�H ^ � ^ � � ����zM;XF�H0F�H�#�S'.<?X#�q�q��V.KB<?=,ICT>=q��8EtCTB6FG!$L=q�FoS\FG.�!$,\.<;=CPN=H��� ;X#�.d;X#�L=L9, >XH�EtC�Bd#�>R,\%PL=q�F�S�F .e!$,\.K;XC�N?<O� `XC�B�|M#TSU� cM#�BUN m ?=q�,�Bs.<;=,0B<C�C�.�C�E���F�Hd#�.Mv=} cD;=FGq�,DEtCTBdz�B<#�L9,$>�C�FoN=#�q.K;X,�BKC�C�.DFoHD#�.I�T�
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� !$,�.K;=CPN�F�H S�#�qGq�, N FY� ,/. 0�2
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Backward Euler
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Stability region of 2−step BDF method
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Stability region of 3−step BDF method
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D V'3pVaj`(Y71ja�/mUM-�:�*< �*�rQ�^0&rJ9\8[*b6ja&rL!V';U+,\l({L,&9+W\Y] - +17,V`^0V`(YÀ8\/;*(Yj/L-�0L-+,&=3qL)Va;+156& �U¡Û^0Va71&:J9+,V'\8;%]O\87WSÃH �8ÆW 6ÆZª=ª=ª)Æ -�<
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«Û;vL-\/jag�V';6Ài+156&eL,&:J9\/;*^�L-&=+>\8]ÃL,�0Lw+1&=3qL�Mw�r�6< �6�rQ9m | &;6&:&:^z.2\/[6;*^6(87,�qg�(Yj'[6&rLF C 0 (Y;*^AF :+J 3C 0 (8ja\/;6Ài+156&�.?\Y+-+1\83.?\8[6;*^*(Y71�¿(8;*^ F C � * J 3 (8;*^EF :+J 3C � * J 3 (8ja\/;6Ày+156&}+1\8bx.?\8[6;2^6(Y71�8mÃ]O\87i+,&:7,3qLi+,5*(Y+IÀ8\Ì\8;s+,5*&z71VaÀ/5U+-¡¢5*(Y;*^sL,V'^6&\Y]h&:(/Jc5Ë+,71V`^0V'(8À8\/;*(Yj@L-�0L-+,&:3�<p²>56&pg�(Yj'[6&:L�(Y+%j'&=g/&=j =�R �t(87,&p(Dg�(YV'j'(8.6ja&I]O71\83 +156&pÀ8V'g8&=;�.2\/[6;*^6(87,�Ë^*(�+1(z]O\/7+,5*&I56&r(�+&:oU[*(Y+,V'\8;!m�.��y&=g�(Yj'[*(Y+,V';6À}+156&I.?\8[*;*^6(Y71�yJ9\/;*^0Va+,V'\8;*L%(�+%+,V'3p& 7;: J 3 MÙ(8L1L-[*3tV';6À�"lV'7,V`Jc56j'&9+.2\/[6;*^6(87,�J9\/;*^0Va+,V'\8;*L#(Y71&hÀ/Vag/&=;2Q9<Ã²W\�\8.6+1(YV';I+,56&{g�(8ja[6&rL F C 0 | &{L-\/jag/&h&roU[*(�+1Va\/;vM-�:�*< � 5/Q)]O\87	 tH65�(8;*^  IH -KR��M�(8ja\/;6À+,5*&�.2\/[6;*^6(87,V'&:LcQfVa;y(8^*^0VF+1Va\/;n+1\p+,56&eL,�0Lw+1&=3qL	(Yj'\8;*ÀI&r(8Jc5�7,\ | V';U+,&:7,V'\87>+1\I+156&�À871V`^X<«Û;¿\87c^0&=7T+,\yL,\8j'g8&I+,56&t�*7cLw+eL,&9+\Y]>L-�0L-+,&=3qLqM-�:�6< � 5UQAm | &I;*&=&:^�.?\8[6;*^*(Y71�ygD(8ja[*&:L F :0 � (8;*^ F 0 � (Yj'\8;6Àz+,5*&j'&9]�+p.2\/[6;*^6(87,�s(Y;*^xgD(8ja[*&:L F :* J 3�� � (8;*^ F * J 3� � (Yj'\8;*Àv+,56&�7,V'À85U+i.?\8[*;*^6(Y71�8<�²>56&ng�(Yj'[6&rLi(�+tja&:g8&:j =ÑJ=\83p&
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]O71\83 +,56&IÀ8V'g8&:;y.2\/[6;*^6(87,�yJ9\/;*^0Va+,V'\8;*L:m?.6[0+ | &i3I[*L-+%^0&=+,&=713pVa;*&e+,5*&IV';U+,&=713p&:^0V`(�+1&e.?\8[6;*^*(Y71�vJ=\8;*^6VF+1Va\/;*Ll(Y+j'&=g8&:j��p(8ja\/;6Àp+,56&rL-&i.2\/[6;*^6(87,V'&:L:<f«¢+TV'Ll;6\Y+lV'3p3p&:^0V`(�+1&=j'��J=ja&r(Y7 | 5*(Y+lg�(Yj'[6&:LTL-5*\8[6j`^v.2&i[*L-&r^X<�BT;6&e3pV'À85U+l.?&+,&:3pb0+,&r^n+1\i+156V';6´n\8]Wj'&=g8&:j��e(/L>.2&:Va;6Àp5*(8jF] | (D�p.?&9+ | &=&:;�7;:z(Y;*^�7;:+J 3 m6L-V';*J9& F  V`LhÀ8&:;6&=7c(�+1&:^}V';z+,56&�3pV`^6^0j'&\Y]Z+156&e+ | \Y¡ÛL-+,&=byb*7,\0J9&r^0[671&e[*L,&:^v+1\n\/.0+1(8Va; F : J 3 ]O71\83CF : <T«¢]Z+,56V`L | &=71&eg�(Yj'V`^Xm?+,56&:;Ë&=g�(Yj'[*(Y+,V';6À}+156&iÀ/Vag/&=;.?\8[6;*^*(Y71��^6(Y+1(q(Y+{+,V'3p& 7 :+J 3� � H 7;:iR ?  Y t3pVaÀ/5U+lb671\�gUV`^0&�g�(Yj'[6&rL	]O\87�F  \/;v+,56&I.2\/[6;*^6(87,�/<	²>56V'LlV'Ll;6\Y+%(À8\�\0^qV`^0&:(*m�56\ | &:g8&:7:m�(Y;*^ | \/[6j'^nja&r(8^p+1\t(t^0&:À871&:^6(Y+,V'\8;q\Y]Ã(8J=J=[67c(8J9�/<Ã²>5*&Tb671\8.*ja&:3 V'L#+,5*(Y+	Va;n+,56&T�*7cLw+	Lw+1&=b!m&:oU[*(Y+,V'\8;�Mw�r�6< � 5/Q%^0\�&rL;6\Y+e3p\0^0&=jk+,56&p]O[6j'jk56&r(�+e&ro/[2(�+,V'\8;¿\�g8&:7%+,V'3t& ?  Y 0m).6[0+e7c(�+,5*&=7�3p\0^0&=j`L�b*(87-+�\Y]h+,5*&&:oU[*(Y+,V'\8;¿M�^0Va_?[2L-V'\8;vV';zPy(Yj'\8;*&rQf\�g8&:7#+156&%]O[6jaj!+,V'3t&�L-+,&:b ?�<k²>5*&%g�(8ja[6&rL>(Yj'\8;6ÀI+,56&.?\8[6;2^6(Y71� | Vaj'jXV';zÀ/&=;6&:71(8j&=g/\8j'g8&oU[6VF+1&e^0Va_?&:7,&:;/+1ja�zVa;z+,5*&+ | \q^0Va_?&:7,&:;U+lJ=(8L,&:L:<²W\�^0&=+,&=713pVa;*&zb671\8b?&=7Ig�(Yj'[6&:Li]O\87 F 0 � (Y;2^MF * J 3� � m | &zJ=(8;x[*L,&n+156&�&:oU[*(�+1Va\/;*L�Mw�:�*< �*�rQ�(8ja\/;6Ày+156&zj'&9]�+(Y;2^Ë71VaÀ/5/+.?\8[6;*^*(Y71Va&rL=<��h+�S	H 56m�]O\/7&9~6(Y3pb6j'&8m?+,5*V'L&ro/[2(�+,V'\8;ÌÀ8V'g8&:L(zL-�0L-+,&=3 \8]#&:oU[*(Y+,V'\8;*L(8ja\/;6À}+156&Ij'&9]�+.?\8[6;*^*(Y71�I+15*(�+>J=(8;}.2&%g�Va& | &r^}(8Lh(�+17,V`^0V`(YÀ/\8;*(8j*j'Va;6&r(Y7>L-�0L-+,&:3�\/7k+156&T[*;6´�;6\ | ;*L F 0 � Va;n+,&=713qL#\8]!+,5*&lg�(Yj'[6&:LF :+J 30 � m | 56V'Jc5Ë(87,&e(8ja71&:(/^0�n´�;6\ | ;�]O71\83 +,56&I.2\/[6;*^6(87,��J9\/;*^0Va+,V'\8;*LT(�+{+1Va3p& 7;: J 3 <+%{\8+,&i+,5*(Y+ | &I(Y71&eL-\/jag�V';6À+,5*V'Li&:oU[*(�+1Va\/;s.*(8Jc´ | (Y7c^6L%]O7,\/3Â+156& | (D�ËVF+ | Vaj'j#.?&}[*L,&:^¿V';s+,56&zL-&rJ9\8;2^¿L-+,&:bÁ\Y]>+,5*& ��B%"�b67,\0J=&:L1L\8;s+,5*&V';/+1&=71Va\/7>\Y]Ã+,56&�À/7,V`^Xm6(Y;2^}+156V'L | \/7,´0Lh\8;6j'�}.?&:J:(Y[*L,& | &e(8ja71&:(/^0�q´�;6\ | F : J 30 � ]O7,\/3³.2\/[6;*^6(87,�z^6(�+c(6<

D V';*J9& | &z(Y71&nL-\/jag�V';6Ày+156V'LI&:oU[*(Y+,V'\8;x.2(8Jc´ | (871^*L=m | &�J=(Y;Ág�V'& | +156V'Lt(8LIL-\/jag�V';6Ày+156&z^0Va_�[*L-V'\8;u&:oU[*(Y+,V'\8;
2 3 H 2����¿\�g8&=7�(Á+1Va3p&sLw+1&=bÑ\8]eja&:;6ÀY+15 ??�m{.2(8Jc´ | (871^*LqVa;Ñ+,V'3t&/< ²>56V'Lz3q(Y´/&:LnL,&=;2L-&�b65���L,V`J=(Yj'j'�K� +,5*&V';/+1&=713p&:^0V`(�+1&tL,\8j'[0+,V'\8;KF  71&=b671&:L,&=;U+cL | 5*(Y+�V'L\/.0+1(8Va;6&r^y]O71\83 F : .��Ì^0\8V';6Àv^0Va_?[*L,V'\8;¿Va;¿Px(Yj'\8;6&/m | VF+15�;*\^0Va_?[2L-V'\8;��8&=+>V'; �?<k²>5*&=71&%(87,&%Va;vb671V';*J9V'b6j'&T+ | \ | (D�0L#+,\pÀ8&=+h+156V`L=m6&:VF+156&=7>.��nL-+1(87-+1Va;6À | Va+,5 F : (8;*^�^0VF_�[*L,Va;*ÀV';xP)mk\/7i.��ÁLw+c(Y7,+,V';6À | Va+,5/F :+J 3 (Y;*^ 0,[6;*^0Va_�[*L-V';6À 2ËV'; ��<Ì¾¿&�(87,&}[2L-V';6Ày+156&zj`(�+,+,&:7t(8b6b671\/(8Jc5Á(8ja\/;6Ày+,5*&.?\8[6;*^*(Y71Va&rLh+,\pÀ8&:;6&=7c(�+1&^*(�+1(I]O\/7 F  <$#oU[6V'g�(Yj'&=;U+,j'� | &tJ=(8;Ìg�Va& | +,56V`L�(8L%L,\8j'gUV';6Àn+,56&A&c¶8Ø ���#¶Y���	26�c¶YºT� )9È*¶YºÙ»�½Y�%2�3>H ? 2 ��� \�g8&:7{+,V'3p&6?X<e²>56V'L3q(D�Ë.?&pJ:(Y[*L,&t]O\87eJ=\8;*J=&=71;!m!L-V';*J=&I+156&q.*(/Jc´ | (Y7c^y56&r(�+�&:oU[*(Y+,V'\8;¿V'LV'j'jF¡¢b2\UL-&r^X<<({\ | &=g/&=7rm�L,V';*J9& | &p(87,&t\8;*ja�^0\/Va;6Àt+156V'L{\�g8&=7h\8;*&T+1Va3p&eL-+,&:bvL-+1(87-+1Va;*À | Va+,5vÀ8V'g8&:;zg�(8ja[6&rLF :+J 30 � V';�&:(8Jc5z+,V'3p&eLw+1&=b!m6+,56V`L>+,[*7,;*L>\/[0+>+,\q.?&�(L-+1(Y.*ja&b671\0J9&:^6[67,&/<²>56&:7,&qV`LeL-+,V'jajh(Ë^0VaÅqJ=[6ja+w�¿(Y+�+,56&nJ=\871;6&=7cL:<n«Û;Á\87c^0&:7+,\ÌL,\8j'g8&ËM-�:�6< �6�DQl]O\87 F 0 � m  ¿H �8ÆI 6Æqª=ª:ªXÆ -�m | &;6&:&:^Ì+,\�´U;*\ | +,56&pg�(Yj'[6&rLT\8]2F 0 0 (Y;*^ F 0 � * J 3 +,5*(Y+(87,&I+,56&p.?\8[6;2^6(Y71�yg�(Yj'[6&:LT]O\87%+156V'L�L,�0Lw+1&=3v<i²>56&rL-&pJ=(8;.?&e(Yb6b671\D~0Va3q(Y+,&:^n[*L,Va;6À}L,\83p&�L,\87,+>\8]Ã&=~0b6jaV`J9Va+l(Y;2^n[6;2J9&=;U+1&=71&:^v(Yb6b*7,\D~0V'3p(Y+,V'\8;n+,\p&=Va+,56&:7 2�3@H62 GrG Lw+c(Y7,+,V';6À| Va+,5 F : m6\/7f+1\<2�3ZH ? 2 ��� L-+1(87-+1Va;*À | Va+,5 F : J 3 <k*\87	&9~6(83tb*ja& | &%3pV'À85U+{[*L,&

F�0O0 HPF :+J 30 0 ? ?
< � MLF :+J 30 0 ?Á 'F :+J 30 3 RMF :+J 30 � QAÆ

| 56V`Jc5v[*L-&rLh+,56&e(8b6b671\D~0Va3q(�+1Va\/;q+,\<2����IJ9&=;U+1&=71&:^�(�+eMOP 0 Æ��439Q9<�{ja+,&:7,;2(�+,V'g8&:ja�/m�71(Y+,56&:7l+15*(Y;¿L-\/jag�V';6À}+156&i+17,V`^0V`(YÀ/\8;*(8jWL,��L-+,&:3qLT\/.0+1(8Va;*&:^v]O71\83¯M-�:�6< �6�DQ>]O\/7�F 0 � m | &IJ=\8[6j`^L,Va3pb6j'�n[*L,&�(Y;�&9~0b6j'V'J=VF+l(8b6b671\D~0Va3q(�+1Va\/;}+1\I+156&�.*(/Jc´ | (Y7c^6Lh56&r(�+	&:oU[*(Y+,V'\8;v(Yj'\8;6Àt+,5*V'L	.?\8[*;*^6(Y71�8m
F�0 � H F :+J 30 � ? ?

< � MLF :+J 30 � � ¦ 3 ?Á 'F : J 30 � R F :+J 30 � � J 3 Q9Æ M-�:�6< �A:�Q
]O\87� tH �/Æ> 6Æª=ª=ª)Æ -¿<k²>56V`L	&=j'V'3tV';*(Y+,&:Lh+156&�;6&:&:^n]O\87	g�(Yj'[6&:L>\8] F  Va;�+,5*&eJ9\871;6&:71L:<Ã�lÀ/(8Va;!m6L,V';*J9&%+,5*V'L	V`L>;6\8+Va+,&=7c(�+1&:^q.*[0+h\/;6j'�p^6\8;6&%Lw+c(Y7,+,V';6À | Va+,5}À/Vag/&=;ÌMÙ(Y;*^}b67,&rL-[*3p(8.6j'�pL,3p\�\Y+,5?QZ.?\8[6;*^*(Y71�p^*(�+1(6F :+J 3 Va;z&:(/Jc5q+,V'3p&L-+,&=b)m0+,56V`L	��V'&=j`^6L	(pLw+c(Y.6j'&�b671\�J=&:^0[*7,&/<
����������� � � � ��73& � / & ��� � $'& ( *-,�* $0/

¾KVa+,5sb671\8b?&=7T+,71&:(�+13p&=;U+�\Y]k+156&q.2\/[6;*^6(87,�yJ=\8;*^0Va+,V'\8;2L=m!Va+eJ=(8;Ì.?&pL,56\ | ;Ì+,5*(Y+%+156& ��B%" 3p&9+156\0^ÌV`L�L,&:J9\/;*^\87c^0&:7W(8J:J9[67c(�+1&8<Ã²>56V'L | V'jaj�.?&h^6V'L1J9[*L1L,&:^]O[67,+,5*&=7@Va;q�f5*(Yb6+,&=7h� ,T(�]�+1&=7Ã]O71(/JA+1Va\/;*(YjULw+1&=bi3p&=+,56\0^6LZ(87,&kV';U+,71\0^0[*J9&r^3p\871&À8&=;*&=7c(Yj'ja�/<«¢+iJ=(8;¿(8j'L,\v.2&}L,56\ | ;�+,5*(Y+�+,56V`L�3p&9+156\0^XmÃjaV'´8&t]O[6j'jh�f7c(Y;6´U¡ %{V`J9\8j`L,\8;!mXV`L�[6;*J=\8;*^6VF+1Va\/;*(Yj'ja��Lw+c(Y.6j'&p]O\87e(8;U�+,V'3p&eLw+1&=b!<
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�K3p\0^0Va�2J=(Y+,V'\8;q\Y]�+156&��B%"Ö3p&9+,5*\�^}V'Lf(Yj`L-\�\8]�+,&=;q[2L-&r^Xm/V'; | 56V`Jc5p+,56&{+ | \eL-+,&:b*Lk&r(8Jc5qV';Ug/\8j'g8&	^0V`L,J=7,&=+,V87:(Y+,V'\8;V';Ì\8;*ja�y\/;6&IL,b*(�+1V'(8jÃ^6Va71&:J9+,V'\8;�(Y+T+156&p(8^0g�(Y;2J9&:^y+,V'3t&pj'&=g/&=j>MOÀ8V'g�Va;*À�^0&rJ9\/[6b6j'&:^v+17,V`^0V`(YÀ8\/;*(Yj@L,��L-+,&:3qLT(8À/(YV';2Q9m.6[0+lJ=\8[6b*ja&r^ | Va+,5Ë^6V'L1J971&9+1V97r(�+,V'\8;�V';z+156&n½ � �6½�·A»�º¢�T^0V'7,&rJA+,V'\8;v(�+	+156&�\8j`^z+,V'3p&�ja&:g8&=j¼<k²>56&eJ=j'(/L,L,V'J:(YjX3p&9+156\0^�\Y]+,5*V'L>]O\/7,3�V'L �
F C � H F :C � R ?   M � �� F :C � R+� �G F C � Q M-�:�6< � ;/Q

F :+J 3C � H F C � R ?   M � �G F C � R�� �� F :+J 3C � QAª M-�:�6< � LUQ
²>56V`LeV`LiJ:(Yj'ja&r^¿+,56&��T¸ º¢�=�A�?¶YºÙ»���× �i»��,�cØ=ºÙ»�½Y���9Ê ��¸ »�Ø9»�º �����	� �I3p&9+156\0^x(Y;*^ | (8L��*71L-+iV';U+,71\�^6[*J9&r^s.U�s"T\8[6À/j'(/L(Y;2^z�{(/Jc50]O\87c^ � 
 �¢<k²>56V`L{(YÀU(YV';nÀ8V'g8&rL>^0&:J=\8[6b6j'&:^z+17,V`^0V`(YÀ8\/;*(YjXL,�0Lw+1&=3qLh+,\qL,\8j'g8&Va;v&r(8Jc5vLw+1&=b �

� �)? ?   � �G � F  H ���%R ?   � �� � F : M-�:�6< ��(8Q
���#? ?   � �� � F :+J 3 H ���%R ?   � �G � F  ª M-�:�6< � ,UQ
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Lax−Wendroff solution at time 4
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