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Aim of this lecture:

to present some very recent developments on upwind fluxes
for hyperbolic equations

» Part A: Generalization of the Osher-Solomon Riemann solver
(with Michael Dumbser)

» Part B: New flux vector splitting type schemes
(with Maria E. Vazquez-Cendén)
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Part A:
A generalization of the Osher-Solomon
Riemann solver

DOT: Dumbser-Osher-Toro solver
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Method is applicable to any hyperbolic system.

There are 2 cases:

» Eigenstructure, analytically available. Use it.

» Eigenstructure, NOT analytically available. Compute it
numerically and use it.



Al. INTRODUCTION
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Q = [q17 az, ..., qm]T7 F(Q) = [flv f27 teey fm]T

Jacobian matrix: A(Q) = 82((?)

Eigenvalues: \1(Q), A2(Q), ..., A\n(Q)
Right eigenvectors: R1(Q), R2(Q),...,Rn(Q)



Jacobian matrix is diagonalizable:

R(Q): matrix of right eigenvectors
R(Q)~!: inverse of R(Q)

N(Q): diagonal matrix, diagonal entries are the eigenvalues.
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Conservative scheme:

Q! =Q) - % (Fi+1 - Fi—l) (3)

Numerical flux: Fi+% computed by solving:

The Riemann problem

Qo = Q7, if x <0, (4)
Q(X,O) =
Q:=Q7,, if x>0
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Riemann solvers:

Exact Riemann solver (Godunov 1959)
Linearised Riemann solver of Godunov (1960)
One-wave solver of Rusanov (1961)

Linearised Riemann solver of Roe (1981)
Non-linear solver of Osher-Solomon (1982)
Two-wave solver of Harten-Lax-van Leer (1983)
Variations of HLL: HLLE, HLLEM

HLLC (many-wave solver)

Other approaches (eg FVS)

Centred fluxes (0-wave models):

» Flux of Lax-Friedrichs (1960)

FORCE flux of Toro (1996) (related to scheme of Tadmor and
collaborators)

Toro E F. Riemann solvers and numerical methods for fluid dynamics. Springer, Third Edition, 2009.
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We now introduce the definitions

AH(Q) = max(Ai(Q),0) . A7(Q) = min(X;(Q),0)  (5)

Note that

MQ)I = AH(@Q) - A (Q),

NQ) = A#(Q)H,-(o)-} ©
and hence

Q) = AH(Q)-A(Q),

AQ) = AT(Q)+A(Q) } Y



Then the diagonalization process is extended as
A*(Q) = RQA'(QRY(Q),
A (Q) = RQA (QRY(Q),
A(Q)] = R(Q)IMQ)IRHQ).

It follows that

AQ)] = A*(Q)A(Q%}



A2. THE OSHER-SOLOMON FLUX (1982)
BRIEF REVIEW

Chapter 12 of
Toro E F. Riemann solvers and numerical methods for fluid dynamics. Springer, Third Edition, 2009.
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The Osher-Solomon numerical flux (1982) is obtained by first

assuming the flux splitting
FQ =F"(Q)+F (Q),
with corresponding Jacobians

OFT(Q
ar@=" il

The Osher-Solomon flux is defined as

A" (Q) =

Fl-+%(Qo, Q1) = F"(Qo) + F(Qu) .

_oF (@)

(10)

(11)

(12)

14
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From (11) we may write the integral relations

/Q " A~(Q)dQ = F(Qu) - F~(Qo)
and

/Q " A*(Q)dQ = F(Qu) — F*(Qy)

(13)

(14)



Then we can express (12) in three different forms, namely

Q
Fio1 = F(Qo) + /Q A~(Q)dQ. (15)
Q:
Fii =F(01)—/Q AT(Q)dQ (16)
and
Q:
Fros = 5(F(Q) +F@) -~ 5 [ A@dQ.  (17)

Qo



i1
i+35

To obtain (20), for example, we use (24) to write
F(Qo) = F"(Qo) + F(Qo) -
Then, writing (12) as
= F"(Qo) + F(Q1) + F(Qo) — F(Qo) )
= F(Qo) + F"(Qo) + F(Q1) — F(Qo)
= F(Qo) + F"(Qo) + F7(Q1) - (F*(Qo) + F(Qo))

= F(Qo) + F(Q1) — F(Qo)

= F(Qo) —I—leA Q)dQ.

and using (14) expression (20) follows.



Osher’s flux from
Q:
Flos = F(Q0)+ [ A-(Q)dQ. (19)
Qo

To evaluate the integral in phase space one requires a path
One selects the path so as to make the integration tractable.
A path 1(Q) connecting the state Qg to Qg is defined as

1(Q) = u'lk(Q), (20)
Q(k—1)/m: intersection points in phase space.

1,(Q): partial path associated with the k-th field.

Complete details in Chapter 12 of
Toro E F. Riemann solvers and numerical methods for fluid dynamics. Springer, Third Edition, 2009.



A4. GENERALIZATION OF THE OSHER SCHEME
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The Osher-Solomon numerical flux (1982) may be defined as

Q:
= 3(F@) +F@) —, [ “ia@pa. )

Fi+

NI

» Evaluation of an integral in phase space is required
> Integration path chosen joining Qg to Q1 required
» Here we first propose to select the canonical path

Y(s;Qo, Q1) = Qo +5(Q1 — Qo) , s € [0,1] (22)

to evaluate the integral in (21).
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Note that under a change of variables we obtain

> (F(Qu) +F(Q1)) /\A (s:Qo, Q1)) ds | (Q1 = Qo) .
(23)

Then we evaluate the integral in (23) numerically along path 1) using a
Gauss-Legendre quadrature rule with G points s; and associated weights
wj in the unit interval / = [0, 1],

(NI

Fi+

1
2

G
— 5(F(Q0) + F(@0) ~ 5 | Doy A(5: Q0. Q)] | (@1 - ).
(24)

Note that |A(¢(sj; Qo, Q1))| must be decomposed as in (9)
for each s;



A5. NUMERICAL RESULTS



————————— Exact solution
Ll Analytical Osher (O-ordering)
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Euler equations: isolated stationary contact.
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Euler equations: 123 test, low density.



[ —eeeee-- Exact solution

I o Analytical Osher (O-ordering)

L o Numerical Osher
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Euler equations: LHS of Wooodward-Colella test.
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Euler equations: two-shock collision.
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Euler equations: non-isolated stationary contact.



r- e Exact solution
L ° Analytical Osher (O-ordering)
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Euler equations: two-shock Riemann problem.
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Euler equations with JWL EOS.
Shock-bubble interaction using conservative DOT:
pressure contours at £ = 0.25 (left)
and t = 0.35 (right)
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numerical Schlieren at T = 0.25 (left)

and t = 0.35 (right)
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Euler equations with JWL EOS.
Shock-bubble interaction using adaptive DOT scheme:
numerical Schlieren at £ = 0.25 (left) and t = 0.35 (right)
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Euler equations with JWL EOS.

6 0.8

Shock-bubble interaction using adaptive DOT scheme:

numerical Schlieren (upper) and pressure contours (lower), at t =

0.25 (left) and t = 0.35 (right)
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Euler equations with JWL EOS.

Pressure (red) and density (green) distribution along y = 0.5 of
two-dimensional shock-bubble interaction using conservative DOT
(dashed line) and adaptive DOT (solid line), at £ = 0.25 (top) and

t = 0.35 (bottom)
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Part A: Concluding Remarks



v

v

v

v

v

Generalized Osher-type scheme presented

It is applicable to any hyperbolic system

Scheme preserves good properties of original scheme
Scheme resolves some difficulties of original scheme

Applications include: Euler equations with general equations

of state; two-phase flow; blood flow; shallow water flows, etc.
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Part B:

New flux splitting schemes for the Euler
equations
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B1: The Euler Equations and Flux Splitting
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The Euler equations in one space dimension are
0Q +0F(Q)=0, (25)

where Q is the vector of conserved variables and F(Q) is the flux
vector, both given as

p pu
Q=|pu |, FQ)=| pP+p | . (26)
E u(E + p)

Here p is density, u is particle velocity, p is pressure and E is total
energy given as

E= p(%f te). (27)

The specific internal energy e is, in general, a function of other
variables via an equation of state. For example, e may be taken to
be a function of density and pressure, namely

e=e(p.p). (28)
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For ideal gases

P
py—1)"

where 1 < v < 3 is the ratio of specific heats. For air at moderate
pressures and temperatures one uses v = 1.4.
For solving numerically equations of the type (25) we adopt a
conservative method of the form

e(p, p) = (29)

. At
Q! =Qf - o Fir —Fial, (30)

where F, 1 is the numerical flux. For background on the Euler
2

equations and conservative schemes of the form (30).
Flux vector splitting;:

F(Q) =A(Q) +P(Q), (31)

41/85



B2: The Liou-Steffen Splitting
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Liou and Steffen (1993) split the flux vector into and advection
part A(Q) and a pressure part P(Q) as follows

F(Q)=AQ) +P(Q),

with
pu 0
AQ)=| pu* |, PQ=|p|, (32)
puH 0
where
H:E:p (33)

is the enthalpy.
From the numerical point of view the aim is to obtain a numerical
flux for (30) of the form

Fi+%:Ai+%+Pi+% (34)

by finding partial advection and pressure fluxes A, 1 and P, 1.
2 2

43
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Liou and Steffen express A(Q) as

pa
AQ)=M| pau | , (35)
paH

where M = u/a is the Mach number and a = \/7yp/p is the speed
of sound. The advection flux is then taken as

A,-Jr% M; %A (36)
with
( an
pa
pau if M,.Jr% > 0,
paH |.
Ay=¢ (37)
pa
pau if I\/I,.+% < 0.
\ -paH-H—l

44
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The advection flux is upwinded according to advection speed
implied in the Mach number M; 1, which is split as
2

Mi-s—% - MiJr + M (38)
with

yt — +i(MEL)?2 i M| <1,
Tl sMEIM)) i M| >1.

The pressure vector P; 1 is constructed by splitting the pressure as
2

(39)

Pyt =P + P (40)

with two choices for the negative and positive components

1 .
i sp(1EM) if M| <1,
= 41
g {;WMM" it (M| >, !
and
1 2 :
L[ Ip(MEIRREM) i (M| <1,

= 42
e G G S @
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B3: The Zha-Bilgen Splitting
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Zha and Bilgen (1993) split the flux vector into as in (31) with

pu 0
AQ)=| p® |, P@Q=| p |. (43)
uE pu

Numerically, they propose fluxes A; 1 and P; L1as follows.
2

A=A +AL (44)
where
A = min(0,u)Q}, A = max(0,u)Q . (45)

For the pressure flux vector Zha and Bilgen use the splitting

P 1—P +P,+1 (46)



For the p component Zha and Bilgen adopt the Liou-Steffen
splitting (40), (41), while for the pu component they propose

(pu)irs = (pu)i” + (pu)ryy - (47)
where
u? if M < -1,
(pu)7 =pf{ Sur—ap) if —1<MP<1,  (48)
0 if M?>1,
and
0 if M < -1,
(p)f =pf{ Suwr+an) if —1<MP<1,  (49)
uf if M?>1.

Finally the Zha-Bilgen numerical flux is
F;

1= Af+Pr+A +P, . (50)
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B4: A Flux-Splitting Framework
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The framework.
We propose to split system (25) via the flux splitting (31) into the
two systems

2:Q +0xA(Q) =0,
(51)
atQ + 8XP(Q) - 0 s

called respectively the advection system and the pressure system.
The aim is then to compute a numerical flux as

Fiii=A 1 +Pt, (52)

+
where A, 1 and P, 1 are obtained respectively from appropriate
2 2

Cauchy problems for the advection and pressure systems (51).



Consider the Cauchy problem for the linear advection equation

q(x,0) = h(x) ,

where A is a constant. The exact solution of IVP (53) after a time
At is

0:q(x,t) + A0xq(x,t) =0, —co < x < oo, t>0, } (53)

q(x, At) = h(x — A\At) . (54)
We now decompose the characteristic speed X as
A=BA+1-BA=X X+, 0<p<1, (55)
with definitions
Xa=PBX, Ap=(1-0)A, (56)
so as to obtain two linear partial differential equations, namely

0tq+X0xq =0, 0tq+ XpOxqg=0. (57)

51

85



Now consider first the Cauchy problem for the advection equation

Mt =
the solution of which after a time At is

G(x, Aty) = h(x — X\ Aty) . (59)

Consider the Cauchy problem
gzz,E)Af;(qx_—OA;Atl) . } (60)

The exact solution of IVP (60), after a time Aty, is

G(x, Aty) = h(x — \;At1 — A\pAtr) . (61)
The combined solution of IVPs (58) and (60) for At; = Aty = At

IS

g(x, At) = h(x — (A5 + Ap)At) = h(x — AAt) = q(x, At) . (62)



The above result can be stated as the following proposition.

Proposition 1. The exact solution of the initial value problem
(53) can be obtained by solving in sequence the initial-value
problems (58) and (60).



Remarks:

> In the wave decomposition (55),(56) of the model problem
(53) the characteristic speeds to be arbitrarily different.

» From the numerical point of view, Proposition 1 suggests a
way to compute a numerical flux for IVP (53) by computing
numerical fluxes for IVPs (58) and (60). This would lead to
split flux vector splitting methods and could potentially be of
use to deal with systems in which there is large disparity in
the magnitude of the wave speeds present.

» For the full non-linear problem the proposed framework has
two components: (a) the particular way the full system is split
into two subsystems and (b) the numerical treatment of each
subsystem to produce corresponding advection and pressure
numerical fluxes.



B5: A Novel Splitting for the Euler Equations
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Here we propose a new splitting for the Euler equations by noting
that the flux may be decomposed thus

pu pu 0
F(Q) = pu® +p =| pu? |+ p :
u(3pu® + pe + p) sou° u(pe + p)
(63)
with the corresponding advection and pressure fluxes defined as
p 0
AQ)=u 1,ou2 , P(Q)= p : (64)
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Remarks:

The proposed advection flux A(Q) contains no pressure terms.

All pressure terms from the flux F(Q), including that of the
total energy E, are now included in the pressure flux P(Q).

The advection flux may be interpreted as representing
advection of mass, momentum and kinetic energy.

For the ideal gas case (29) the pressure flux (64) becomes

0
P(Q) = P . (65)

0l

F—1PU



The advection system is
0:Q+ 0xA(Q) =0, (66)

where Q = [p, pu, E]” and A(Q) as in (64) above. In quasi-linear
form the advection system becomes

2:Q+M(Q)2,Q =0, (67)

where M(Q) is the Jacobian matrix given as

0 0 O
MQ)=| —u® 2u 0 (68)
—u3 %uz 0

58
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It is easy to show that the eigenvalues of this matrix are
)\1:0, )\2:)\3:U. (69)
There are only two linearly independent right eigenvectors, namely

1 1
Ri=a1 | 0| ,Ry=an u i (70)
0 %u2

Thus the system is weakly hyperbolic, as there is no complete set
of linearly independent eigenvectors.

Regarding the nature of the characteristic fields, it is easy to show
that the Ai-field is linearly degenerated and that the \p-field is
genuinely non-linear if ap # 0 and u # 0; otherwise it is linearly

degenerate.



The pressure system.
In terms of the conserved variables Q = [p, pu, E]" the pressure
system is

2:Q +0,P(Q) =0, (71)

with P(Q) as given in (64) above. In quasi-linear form the
advection system becomes

0:Q+N(Q)oxQ =0, (72)
where N(Q) is the Jacobian matrix given as

0 0 0
NQ=| (-1 —(y-u ~y-1]. (73

yud —yuE/p YE/p—3yu®  qu
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The eigenvalues of N(Q) are always real and given as

1 1 1 1
M==-u—=A, =0, >\3:§u+§A, (74)

where

2 _ TP
p

A=Vu?+42%, a (75)

Here a is the usual speed of sound for the full Euler equations.
In terms of physical variables the system reads

oV +B(V)o,V=0, (76)
where
0 0 O 0
V=|u , B=]10 0 1/p . (77)

p 0 vp wu
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Note that, since u < A = Vu? + 422, the system is always
subsonic, that is

1 1 1 1
M=cu—A<0< 3= -ut-A. 78
1= 5Uu—5A<0< A =ut g (78)
The right eigenvectors of matrix B in (77) corresponding to the

eigenvalues (74) are

0 1 0
Rl = 2 ) R2 = 0 5 R3 = 2
p(u— A) 0 p(u+ A)



B6: Numerical Fluxes for Toro-Vazquez
splitting
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In order to compute advection and pressure fluxes A,+% and P,-Jr%
we consider the Riemann problem for each subsystem. We start
with the pressure system.

To compute the flux for the pressure system we consider the
Riemann problem in terms of physical variables

OV + B(V)3V =0,
(80)

V=V if x<0,

V(X’O):{ VR=V7, if x>0.

The solution of this problem has structure as shown in Fig. Bl.
The wave pattern is always subsonic, with a stationary contact
discontinuity and two non-linear waves to the left and right of the
contact wave.
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Fig. B1. Structure of the solution of the Riemann problem for the
pressure system.

u, = Crug = Crur ___ 2 (Pr — pPL)
Ckr—(C Ck—C ’
(81)
by = CrpL — CLPR +} CrCL (ur — u)
¥ Ck—C 2Ch—C; ’
with
C = pL(UL - AL) ;. Cr= PR(UR + AR) ) (82)

where A; and Agr are computed from (75).
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One could improve upon the linear approximation by applying the
exact generalised Riemann invariants throughout. The result is the
2 x 2 non-linear system for p, and u,

u*—,/u§+47—p*:uL— uf+4LpL,
PL PL

Us + 4 Ju2 + 4P+
PR

(83)

— o+ Jud + 4R
PR

Finally, the numerical flux for the pressure system is given as

P.1=p. 1 _ (84)

ﬁu*

Remark: no visible difference between " exact” and
approximate solutions.
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The advection system.
Recall that in our splitting (64) the advection operator may be
written thus

pu p
AQ)=| po* | =uK@Q), K@Q=]| pu |, (85)
2pu? 2o

Advection of K (mass, momentum and kinetic energy) with speed
u. Here we propose two algorithms.
Algorith 1 (Toro-Vézquez scheme).

A@) =}, K. (86)

2

solution (81) of the Riemann problem (80)
Krif Uy > 0,
Ai+% = U,:L% (87)

H *
Ky if ui+%§0.

where u’f‘+1 is the intercell advection velocity taken as U,:L; from



Algorith 2 (TV-AWS scheme). We propose a weighted splitting
scheme, a simple modification of the Zha-Bilgen scheme (1993):

A, A +A L, (88)
with
— ]- nn + 1 nyn
A = 5(1—“’)“/’ Ki, A= 5(1‘*'“’)“,' Ki' (89)
Here
uhl
w=w() = ——, 920
(uf) () (90)

with € a small positive number, ¢ = 0.1, for example.
The function w(u") allows a smooth transition from upwinding
fully to the left and fully to the right, in the vicinity of u] = 0.
The TV-AWS scheme is a weighted averaged scheme and the
Zha-Bilgen scheme, which is recovered by simply setting the
weight to be w = sign(u?).
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Summary of the Toro-Vazquez scheme.
In order to compute a numerical flux F,-Jr; for the conservative
2

scheme (30) we proceed as follows:
» Pressure flux. Evaluate the intercell pressure p;‘+l and
velocity u;‘Jr% from the solution of the Riemann problem given
in (81) to compute the pressure flux Pii1asin (84).

» Advection flux. We have proposed two options. From
algorithm 1 (TV scheme) we evaluate the advection flux Al-+%
as in (87). Algorith 2 (TV-AWS) is described in equations
(88) to (90).

> Intercell flux. Compute the intercell flux Fi+% as in (52),
namely

Fioi=A1 +Pit. (91)
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B7: Reinterpretation of Other Flux Splittings
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The Liou-Steffen scheme
The Liou-Steffen splitting (1993) may be interpreted in our
framework defining the advection system as

0:Q+ 0xA(Q) =0, (92)
with
pu
AQ) = { pu? ] (93)
u(E + p)
and the pressure system as
0:Q+0xP(Q)=0, (94)
with
0

PQ=1|p| . (95)
0
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In terms of primitive variables V = [p, u, p] " the pressure system
can be shown to hyperbolic with eigenvalues

M=X=0, A=—(y—1u (96)

and three linearly independent eigenvectors

1 0 0
R1:Oél 0 ,R2ZO¢2 1 ,R3:a3 1
0 0 —p(y —L)u

(97)
Here a1, an and a3 are scaling factors. Simple calculations show
that the characteristic fields associated with Ay and Ao are linearly
degenerate and the characteristic field associated with A3 is
genuinely non-linear.

Unfortunately we have not been able to find a straightforward
pressure numerical flux by solving the Riemann problem for this
unusual hyperbolic system. Thus the re-interpretation of the
Liou-Steffen splitting in our framework has not been productive.

~
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The Zha-Bilgen splitting
The Zha-Bilgen splitting (1993) assumes a very natural splitting
that may be interpreted in our framework as follows. The
advection system is

pu
0:Q+0AQ)=0, AQ)=| pu? (98)
uE
and the pressure system is
0
Q+0xP(Q)=0, PQ)=| p . (99)
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In terms of primitive variables V = [p, u, p] " the pressure system
can be shown to be hyperbolic with real eigenvalues

M=-C, =0, M=C, (100)
with
c = —Dplp, (101)

and three linearly independent right eigenvectors

0 1 0
R1:Oé1 1 ,RQZCKQ 0 ,R3:Oé3 1
—pC 0 pC

(102)
Here a1, ap and a3 are scaling factors.
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The Riemann problem for the Zha-Bilgen pressure system in terms
of primitive variables is

OV + Z(V)V = 0

Vi=V"  if x<0, (103)

V(x,0) =

Vg = V7] if x>0.

+1
The structure of the solution is analogous to that shown in Fig. 1,

_ pCu+prCrur (PR — PL)
pLCL + prCR pLCr+ prCr’

*

(104)

_ PRCRPLA pLCipr — pLCLprCR
pLCL+ prCR pLCL+ prCr

with

CG=V(O—=Up/pr, Cr=+(v—1)Pr/pr - (105)

(UR - UL) 9

%

75 /85



Contact Discontinuity.

Proposition 1. The Zha-Bilgen splitting along with the
Zha-Bilgen numerical scheme cannot sustain isolated stationary
contact discontinuities for the Euler equations.

Proof. Define the problem for a stationary, isolated contact discontinuity
for the ideal gas Euler equations with initial condition

u(x,0) =0, p(x,0) = p: constant , Vx such that x; < x < xg,

pr if x<xp,
p(x,0) =
pr if x>xp,

(106)
with x; < xp < xg. Assume the discretisation of [x, xg] such that the
contact discontinuity is between cells / and / + 1. Application of the
Zha-Bilgen scheme to any cell away from cells / and / 4+ 1 leaves the flow
undisturbed.



However, application of the scheme to cell / for one time step gives

."+1:7’A’ 5:p 5.:1g L 1 107
; S TP di=on vB( I ﬁpL)- (107)
Application of the scheme to cell / 4+ 1 gives an analogous expression but
with §;11 = —d;. In order to preserve the contact discontinuity unaltered

one requires §; = 0, which is not satisfied by the Zha-Bilgen scheme, as
seen in (107).

Fig. 2. Test 6: Stationary isolated contact. Exact (line) and numerical
solution (symbols) using the Zha-Bilgen original scheme (ZB-orig).
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Proposition 2. The Toro-Vazquez splitting (TV) along with their
numerical method can recognise exactly isolated stationary contact
discontinuities for the Euler equations.

Proof. Define the problem for a stationary, isolated contact discontinuity
for the ideal gas Euler equations with initial condition as in (106).
Assume the discretization of the domain [x., xg] is such that the cell just
to the left of the discontinuity is i and that immediately to the right of
the discontinuity is i + 1. Application of the TV scheme to any cell away
from cells i and i 4 1 leaves the flow indisturbed. Let us now apply the
scheme to cell i for one time step. First we need the solution (81) of the
Riemann problem with initial data (106). Clearly u, = v; 1 =0 and

Px = Pip1 = p. Then it is easy to verify that the state Q,’-’+1 = Q7 and
thus the isolated stationary contact is preserved exactly. Application of
the scheme to cell i + 1 gives an analogous result and the proposition is
thus proved.



Proposition 3. The Zha-Bilgen splitting along with the
Godunov-type numerical method of section 4.2 can recognise
exactly isolated stationary contact discontinuities for the Euler
equations.

Proof. The proof is straightforward and is thus omitted.

O  zB-God
Exact

Exact

1F )

L L s 07 L L L s
05 075 1 0.25 0.75 1
Distance

L
025 05
Distance

Fig. 3. Test 6: Stationary isolated contact. Exact (line) and numerical
solutions (symbols).
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Two classes of test problems

Test PL uy, PL PR UR, PR

1.0 -19.59745 1000.0 1.0 -19.59745 0.01
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1.4 0.0 1.0 1.0 0.0 1.0

Test problems with exact solution (Toro, 2009)

Test of Woodward and Colella (1984). Reference solution: WAF.

0<x<01 01<x<09 09<x<L10
pL =10 pm = 1.0 pr =1.0

u = 0.0 upy = 0.0 up = 0.0 (108)
pr = 1000.0  pyy = 0.01 pr = 100.0



Densitty
Density

b v v v v vy, ob v v v
. 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
Distance Distance

Test 1 (sonic flow). Exact (line) and numerical solutions (symbols)
using two numerical schemes (TV and TV-AWS) for the flux
splitting of this paper.
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ey, X8
o1 0.5 05 0.75

Distance

Test 1 (sonic flow). Exact (line) and numerical solutions (symbols)

07

Density

0.1

2B-orig

Distance

using two numerical schemes: Liou-Steffen (LS) and Zha-Bilgen

(ZB-orig).



AT N R HATERI!
0.25 0.5

TR | PR N RRI EAI !
0.75 1 0 0.25 0.5

| E—— |
Distance Distance '

0.75 1

Test 2 (low density). Exact (line) and numerical solutions
(symbols) using two numerical schemes (TV and TV-AWS) for the
flux splitting of this paper.
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6F — 6F —
F o ;V‘ E o TV-AWS
xact
sk sk Exact
F F Je
4F § 4F P
© o
2 b 2
2 3f b 8 aF o3 ¢)
3 3
o [ -

AT N TR SR EIRE N BRI | ob e v v vy
0.25 0.5 0.75 1 0 0.25 0.5 0.75

Distance Distance

L
. 1

Test 3 (very strong shock). Exact (line) and numerical solutions
(symbols) using two numerical schemes (TV and TV-AWS) for the
flux splitting of this paper.
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2 20
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S g || )
0 0.25 05 0.75 1 0 0.25 05 0.75 1
Distance Distance

Test 4 (collision of two strong shocks). Exact (line) and numerical
solutions (symbols) using two numerical schemes (TV and
TV-AWS) for the flux splitting of this paper.
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Test 5 (non-isolated stationary contact discontinuity). Exact (line)
and numerical solutions (symbols) using two numerical schemes
(TV and TV-AWS) for the flux splitting of this paper.
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Test 6 (Isolated stationary contact discontinuity). Exact (line) and
numerical solutions (symbols) using two numerical schemes (TV
and TV-AWS) for the flux splitting of this paper.



o] ZB-God
Exact

0.9

AT N TR SR EIRE N BRI | AR N TR BT
07 0.25 0.5 0.75 1 07 0.25 0.5

Distance Distance

0.75 1

Test 6 (Isolated stationary contact discontinuity). Exact (line) and
numerical solutions (symbols) using two numerical schemes: the
Zha-Bilgen original scheme (ZB-orig) and the Zha-Bilgen splitting
with present Godunov-type numerical approach (ZB-God).
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—o— WAF
God+Ex. RS
61 ° v

Density

0.7
Distance

Density

——6— WAF
God+Ex. RS
TV-AWS

r °

L
.5 0.6 0.7 0.8 0.9

Distance

Test 7 (Woodward and Colella blast wave problem). Reference
solutions (WAF and Godunov's method with exact Riemann
solver) and numerical solutions from two numerical schemes of this
paper: TV (top) and TV-AWS (bottom).



Other Potential Schemes for the Pressure
System
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Lax-Friedrichs
FORCE
Rusanov

HLL

Godunov Centred
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Part B: Concluding Remarks

New flux splitting

New way of dealing with pressure term

Scheme captures contact discontinuity as well as AUSM
Our scheme is more robust and more accurate than AUSM
Other schemes for pressure system under study

Best combination: explicit for advection implicit for pressure
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